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ABSTRACT: Families of disjoint sets colouring technique is a trial to generalize all type of colouring, edges, vertices,
faces and any things can be contrast by colours. This is our ninth paper about families of disjoint sets colouring
technique, previous papers deal with set as a member families of disjoint sets (colour classes). In this paper we
introduce the concept of common set to establish some results for families of disjoint sets colouring technique. The
concept of common set is essential concept for families of disjoint setstechnique, and we have to modify some
definitions due to common set concept.

KEYWORDS: families of disjoint sets colouring technique, common set, non common set, proper intersection,
improper intersection.

. INTRODUCTION

Colouring of families of disjoint sets techniquegenerally depend on the number 71, in case of sets s is degree of

intersection, for colouring edges of the graph 7 is the largest degree of vertex (maximum number of edges such that any
two are adjacent). Forcolouring vertices of the graph, n is the clique number (maximum number of vertices such that
any two are adjacent) [8].

In paper [1] we introduced the concept of families of disjoint setscolouring technique as a topic of set theory. We also
introduce definitions of degree of intersection, meeting and standard of meeting, minimum number of families of
disjoint sets and maximum number of families of disjoint sets. In paper [2] we introduce some concepts in graph theory
to introduce new method for colouring edges and vertices of graph. This method has two types first related to vertices
of the graph and second related to cycles. This method depend on the theory in our paper "Family of disjoint sets and
Its Applications", with suitable changes. In paper [3] we prove minimum number of families of disjoint sets with
known degree of intersection (minimum number of colours) and we introduce another proof for maximum number of
families of disjoint sets (maximum number of colours). Also in that paper we introduce the concept types of families
of disjoint sets (types of colouring) and prove some results related to this concept. In paper[4] we assume both sets and
graphs are finite. Results in that paper use families of disjoint setscolouring technique for finite sets and finite graphs.
Using results in that paper we can compare between families of disjoint setscolouring technique and colouring of
graphs in graph theory.

In paper [5] we prove some results in graph theory using colouring of families of disjoint sets technique. We introduced
the concept ofset labeled by families of disjoint sets and the degree of this set, as generalization to thedegree of
intersection and proved some results related to this concept. In paper [6]we prove some results of edge’scolouring
(trivial colouring and nontrivialcolouring).Weprove some results of edge’scolouring for many graphs connected by
bridges. In many examples we determine minimum colours to colour edges of the graphs only by calculation when we
know number of the edges , number of the vertices and largest degree of vertex, whatever the graph is huge. We used
the concept of trivial colouring and nontrivialcolouring to prove resultsof edge’scolouring for trees, bipartitegraphs and
complete graphs.

In paper [7] we modify the definitions of local maximum families of disjoint sets and local minimum families of
disjoint sets, which we introduced in paper [1], and prove somepropositions related to these two concepts.
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In paper we[8] used families of disjoint setscolouringtechnique, to colour vertices of the graph depend on the clique
number, and we introduce some results of vertex’scolouring (trivial colouring and nontrivialcolouring) depend on
clique number. We introduce the concept maximum and minimumnumber of edges in the graph to colour k vertices by
m colours, and we used this concept to prove a result about number of all possible ways to colour k vertices by mz
colours, and a result about the range of edges in which we can colour k vertices by 722 colours.

In this paper (section three) we introduce the concepts ofproperintersection and common set at number ofintersections
or between two intersections and we introduce some results related to this concept.

In section four we used the concept of common set to introduce some results of families of disjoint setscolouring
technique.

In section five we introduce a method to construct minimum number of families of disjoint sets, and introduce some
results related to this method.

In section six we introduce some results related to addition and removal of common sets and non common sets.

In section seven we introduce the main results.

II. RELATED WORK

In this section we recall some definitions and results related to colouring in graph theory and families of disjoint
setscolouring technique.
Definition2.1. Let 4, .. ..  be I'families of disjoint sets and X is nonempty set, x — 2Nx,NzN...Ny,, then

the intersection X is called represent the families s s Xsoenn 7,» A1d We used the notation x = » N x, Ny, N..N g,
OTX = (11, 12 Hyoeen 2,) 1]
Remark2.2. As abbreviation instate ofthe notation x — 5 N 4, Ny N..Ng,> and x = H1s Zar X ) WE used the
notation X = (1,2,3,...,r) [1].

Remark?2.3.In this paper we will labelled a vertex using its degree and edges. If vis vertex of degree three we can used
the notationy = (e.e;.e) pointing to yas common point and any two of edges e, e;, e are adjacent. The notation

v=(i, j,k) pointing to coloursi, j,k,where i, j,kare integers. If vof degree nwe write v =(e,,e,,e;,...,e,)for
pointing to edges e, e,,e;,...,e,,0r we can used notationy = (1,2,3,..., n) forpointing to colours (or colour classes)
1,2.3,...,n,and we say v represented (or labelled) by 1,2,3,..., n.[2].

Example2.4. Let , o o .. 2 be 7 families of disjoint sets and X,Y,Z are nonempty different intersections each of
degreed. x =2 NNLNZe Y=2NrnNxNy and Z= 4 Ny, Ny Ny We canused the notation X =(1,2,3,5),
Y=2357), Z=(1,4,6,7). At intersections X,Y,Z,the family of disjoint sets y,y,, 7., yand yeach appear twice at
X,Y,Z, y,, and ;, each appear once. Also we can say at intersections X,Y,Z,the family of disjoint sets 1,2,3,5,7each
appear twice, and 4,6 each appear once. As application to following proposition, each of intersections X,Y,Z the is of

degree four we have 3(4) =12=24+2+2+1+2+1+2[1].
Definition 2.5. Let . .. . , bemfamilies of disjoint sets, and x X, x,,.., X, are nonempty different intersections

of these m families of disjoint sets , each intersection of degree 71, the family of disjoint sets , is said to be meet the
family of disjoint sets z;at these w intersections, if whatever we exchangefamilies of disjoint setsat these w intersections,
there exists one intersection the twofamilies of disjoint sets ;. and 7;appear at this intersection [1].

Proposition2.6. Let 5, . ».. . 5 be mfamilies of disjoint sets, x X,  x,,..., X are nonempty different intersections

each of degree 71 , and ¢, number of times the familyof disjoint sets y, appear at these W intersections, then we have

m

>t =wn [l

Definition 2.7. Let 4 » .. .. , be mfamilies of disjoint sets, x, x, x,,..., X are nonempty different intersections

of these m families of disjoint sets, each intersection of degree 72. The family of disjoint sets ¥ is said meets family
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of disjoint sets 7t these w intersections, if whatever we exchange families of disjoint sets at these W intersections,

there exists at least one intersection the two families of disjoint sets ¥, and y ; appear at this intersection[1].
Proposition2. 8. Let 4, v, ....., , be r families of disjoint sets and X, X, X,,..., X, be w nonempty intersections, the
family of disjoint sets y appear y times at w intersections and the family of disjoint sets X ;appear w, time at w

intersections, then we say the family of disjoint sets y, meet the family of disjoint sets z;at these  intersections if and

onlyif w+1<w, + w; [1].
Definition2. 9. Let 5 o ».. .. , be mfamilies of disjoint sets, x  x,, x,,..,x eachof degree 1, and w be the

minimum number of nonempty intersections, such that any two families of disjoint sets meet each other at these w
intersections, then these w intersections called standard of meeting for these m families of disjoint sets [1].

III. COMMON SETS AND NONCOMMON SETS

In this section we introduce the concept of common set at number ofintersections or between more than two
intersections asessential concepts for families of disjoint setscolouringtechniqueand we introduce some results of
families of disjoint setscolouring technique related to this concept.

Definition3.1. Suppose we have the sets ALA,L AL AL and we have the intersections X, X, X5, X, of these k sets

with maximum degree of intersection equal 7z, an intersection X of degree of intersection equal 77, is called
properintersection, if there is no any intersectiony of degree of intersection greater than 77, , where 72, < 72, such that

Y < X. An intersection Z of degree of intersection less than 7 is called improperintersection, if there
existsproperintersection X such that X < Z.The set A is called common set between the two proper intersections X,

andxliij < A.and x, A such that X, %X, where [<i<k,and 1< j<[<w.

Remark3.2. In papers [1] and [2] we used the notations X =(1,2.3,....r), v=(1,2,3,...,n), X =(1,23)5), see
Remark2.2.,Remark2.3. andExample2.4. From this paper we modify these notations, we will write these notations as
follows: X =(1,23,...,r), v =(1,2,3,...,n), X =(1,2,3,5). If edge e incident with vertices v,,v,,and we use the notation
e={v.v,}.

Example3.3. Let A ,6A,,A,,A,,A;, be 5 sets and x  x, X, are nonempty intersections each of degree 3.

X, =ANANA, > X,=A,NA,NA, and X, =ANA,. We use the notation x =(A,A,,A,), X,=(A,.A,.A),
X,=(A,A,), as abbreviation we use the notation X, =(A,4,,4), X,=(123), X,=24,5), X,=(1,4). The set A2is
common set between the two intersections X, and Xz,the set A, is common set between the two intersections Xzand X,,
the set A, is common set between the two intersections X, and X,

.Definition3.4. Suppose we have the sets ALA,L AL A, and the proper intersections X, X, X500 X, of these f sets,
with maximum degree of intersection equal 72, where 72 <k ) Aiis called common set between ¢ intersections
X, X, X, X, 8X X, X,,..,X, Where t < w,if for all jwe have X, c A, Where 1<j<t.

Example3.5. Suppose we have the sets A, A,, A,,..., A, and we have the intersections x|, X, X,..., X, of these k sets,

with maximum degree of intersection equal 7z, where 7 < k, the set A is called common set between the three
intersections of x  x, x.atx x,  x,,.. Xx ifeachof x x  x containedintheset 4

Definition3.6. Suppose we have the sets ALALASL LA, and we have the intersections X, X, X500 X, of these k
sets, with maximum degree of intersection equal 72, where 72 < Kk, the set A, is called non common set atthe
intersections X, X,, X500 X, if for any two intersections X, and X, we have X, CA.X, TA, 00X, 7 A X, A,
where1< j<i<u,u<w, 1<i<k.

Proposition 3.7. Suppose we have the sets A, A,, A,,..., A, and X, X,, X,..., X are properintersections ofthese

k sets, with maximum degree of intersection equal 7, if these k sets partition into m families of disjoint sets
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Xi> Xas Xzoeees Xm» (D) twonon common sets (disjoint) at z¢ intersections, zz > 2 can have the same labels of

families of disjoint sets. (ii) any common set A between the two intersections x, and X, the label represents theset A in
xiis same labelrepresents theset A in X],_(iii) let A,be a common set between c,intersections, if appearance of A,. at

X,.X,.X,....X equal w;,then for alll <i<kwe have ¢, =w, for all1<i<Kk.(iv) if we add pnon common sets,
such thatmaximum degree of intersection remains 77, then the number y; of families of disjoint sets unchanged.

Proof: (i)suppose we have twodifferent sets, which are nonadjacent, they can belong to same colour class, therefore
they can have the same label. (ii)suppose we have a commonset A is common set between the two intersections y and

X,,suppose Aatx labeled byiand suppose A at leabeled by 2, a contradiction since one set has two labels, one set can
not belong to twocolour classes, thereforethe label represent theset A in X, is same labelrepresent theset A in X, (iii)from
definition of common setbetween intersections, for alll <i <k let Ajappear at w, intersections out of wintersections
X, X, X500 X, therefore A, common between w), intersections X,.X,.X,,... X thenforall1<i <k wehavew, =c;.
(iv) for eachintersections onf degree p we can write Xa X, =(,2,3,...,p), if we add (n— p)non common
setssuch that X ;to be of degree n and each of these (n— p) sets adjacent to each setlabeled by 1,2,3,..., p, such that
X to be of degree 7, then we can write X, =123,...,p,p+Lp+2,..n) 0or X, =(23,..,n), ifthe
intersections X, of degree p labeled by m,m—1,m—2,..,m—p+1, we can write X, as
X, =(m,m—1,m—2,..m— p+1), therefore the number m of families of disjoint sets for m=nor n <mwe

havethe number m unchanged.
Example3.8. From intersection of four sets A, A,, A;, A, we can find many intersections such as A NA,NA,NA,,

ANA, ANA,, A, NANA,, ANA,NA,for colouring we take only 4 N A, N A, N A,, because it is properintersection.
If beside the sets A, A,, A, A, exists the set A;,and A intersect only the set A;,for colouring we take A NA,NA,NA,
and A, N A,, therefore if the sets A, A,, A;,..., A, can intersect each other with maximum degree of intersectionequal r

(properintersection) or degreeof intersection less than 72 ( less than s can beproperintersection orimproperintersection)
forcolouring we take anyproperintersection , and we do not takeimproperintersection.
Proposition 3.9. Suppose we have the sets 4, , A, , Agens A and X, X,,Xj,..., X, are properintersections ofthese

.-s e o
k sets, with maximum degree of intersection equal 72, if all sets (common sets and non common sets) partition intom

families of disjoint sets ¥, ¥, ¥3»---» ¥,,» and A],AZ,A3,...,AF belong to one family of disjoint sets ¥, then
L=w+w,+wy+..+w, < w where W, be number of times the setAi appear at these wintersections, 1<{ < p, and
1;be number of times the family of disjoint sets ¥ ; appear at these w intersections.

Proof: Suppose A, A,,A;,..., A, belong to one family of disjoint sets y; and y; labelled by j, then each of
A Ay, A,y A, labelled by j and the label j appear Wy +w, +w; +...+w times at X, X,, X;,..., X, then
whatever we exchange partition of the sets A1aA2’A3’---’Ak into m families of disjoint sets, and for any sets
AI,AQ,A3,...,AP belong to one family of disjoint sets, any two sets of Al,Az,A3,...,Ap are nonadjacent, then the
label j not appear twice at any intersection, if j appear once at any one of X,,X,,X,,..., X, then

w

L=wi+w, +wy+..+w, =w, if j appear once at some of X, X,,X;,...X then

w

t, =w+w,+w;+...+w, <w,therefore wehave f; =W, +w, +wy+..+w, <w.

Remark 3.10. For intersection X = (1,2,3,...,n) the label irepresentone family of disjoint sets, where 1 <i < n,

each I at theintersection X either it iscommon setbelong to thisfamily of disjoint sets or non common set belong to
thisfamily of disjoint sets. If it iscommon set, the label I depend on two factor (1) the labels 1,2,3,...,i — 1,i +2,...,n,
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as each labelrepresent a set intersect the set i. (2)# proper intersections, as common set between ¢ intersections , means
this common set appear at 7 intersections and with same label. If it isnon common set, the label 7 depend on one factor
(1) the labels 1,2,3,...,i —1,i + 2,..., n, as each labelrepresent a set intersect the set I. Therefore when wepartition k sets
into sn families of disjoint sets, to deal withnon common set is easy than common set.

Example 3.11. Suppose all of X, X,, X,,..., X are proper intersections of the sets A, A,, A, ..., A,,, such that each
one of the sets AL A, AA,, A, is common set between two proper intersections, andeach one of the sets
A, A, ,AA,, A,,is non common set between two proper intersections. X, = (A}, A,,A), X, =(A,A,, A,
X, =(A,A,,A), X, =(A. AL AS), X5 =(A,, A, Ay).From these five intersection we can partition these ten
sets intofive families of disjoint setsas follows: y, = (A}, As), ¥, = (A5, A), 13 =(ALA), 1, =(ALA),

Zs = (As, A,). We use the label a for ¥, bfor ¥,, cfor y5, dfor },, efor y5,and we write theseintersections as
follows: X, = (a,b,z), X, = (a,d,;), X, = (l;,d,e), X, = (E,C,e), X, =, C,Z), we use dash fornon

common set,to differentiate betweencommon set andnon common set. UsingRemark 3.10. we first deal with common
sets, since non common sets is easy, the common set A1 doesn’t intersectthe common set AS, so we consider AI,A5
belong onefamily of disjoint sets, and we label this family of disjoint sets by1, the common set A, doesn’t intersectthe
common set A,, so we consider A,, A, belong onefamily of disjoint sets, and we label this family of disjoint sets by
2, we label family of disjoint sets contained the set A3 by 3, the non common set A6 intersectthe common set A, A,
so we label A6 by E, continue in this mannerwe label A7 by g, we label Agby 5, we label A(, by i,we label Aloby g, S0 we
writethese proper intersections as X, = (1,2, 3), X, =(12, 5), X, = (3,2,1), X, = (5,3,1), X, =(253, i)
Therefore these ten sets partition into threefamilies of disjoint sets. The label 1 points to a common set belongs to

thefamily of disjoint setslabeledby 1, and the label ipoints to a non common set belongs to thefamily of disjoint

setslabeledby 1.

Here we modify Definition 2.5 and Definition 2.9. using concept of proper intersection.

Definition3.12. Let A , A, A,,..., A, , be k setsand Xsz’X,wawbe proper intersections of these fsets,
X2 X2> X352 X, D€ 11 families of disjoint sets and X is intersection, X ; = A A, N A;N...NA,, where 1< j <w,
Acx. A X A S s A, S x,, then the intersection X is calledintersection of degree n.

Definition 3.13. Let ALALA . AL be k setsand X, X,, X wae proper intersections of these fsets, all sets

EER)

(common sets and non common sets) partitioned into 11 familiesof disjoint sets ¥, ¥,, ¥3-..» X,,» the family of

disjoint sets s said to be meet the family of disjoint sets 7 at these w intersections, if whatever we exchange any set
BbyasetB,, where B, € y,, B € y,, x; # ¥, X; # };-and Bjintersects at least one member of the family of disjoint sets

X such that the number ¢, not changed ( ,appearance of 7, at X, x,,X,...,X,) and y, remains a familyof disjoint sets,

reees
then B, intersects at least one member of the family of disjoint sets
Definition 3.14. Let A;, A,, A;,..., A, be k setsand X,,X,,X,,..., X, be proper intersections of these k sets, all sets
(common sets and non common sets) partitioned into m familiesof disjoint sets ¥, ¥,, ¥3---» X, the family of

disjoint sets y.is said to be not meet the family of disjoint sets ;at these w intersections, where 1<1i < j < m, if for
anytwosets A ,A suchthat A € y,, A € X where ] <r < s < k,then A and A_ are disjoint, and ifz, + r, <w.
Definition 3.15. Let A, A,,A;,...,A, be k sets, x X, X

maximum degree of intersection equal/l, then these w intersections calledstandard ofpartition all sets (common sets and

x,, be all proper intersections of these k sets,with

3reees
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non common sets) into 7 families of disjoint sets y,, ¥,, ¥3,.-., X,,» then if for any twofamilies of disjoint sets y, and Ve
we have w +1 <1, +1isandt; Sw, 1, <w.

Definition3.16.Let A, A,, A;,..., A be k common sets, and X,.X,.X,....X be wproper intersections of these k

Jaeees
sets(standard of partition), if we partition thesek sets into m families of disjoint sets where 71 + 1<m, then m iscalled
minimum numberfamilies of disjoint sets, ifwe try to partition all sets (common sets and non common sets) intom—1
families of disjoint sets, there exists afamily of disjoint sets j, such that w+1<¢,, where1<i <m-1, and t,appearance of

ZiatX, X, X,...X,.

Definition3.17. Let A, A,, A;,..., A, be k common sets, and X,.X,.X,,.., X, be wproper intersections (standard

3reees

ofpartition) of these k sets(standard of partition), and we partition all sets (common sets and non common sets) into m
families of disjoint Sets ¥, ¥5» X3»---» X,,» then m iscalled maximum numberfamilies of disjoint sets, ifwe partition

these k sets into any m+1families of disjoint sets, there exist twofamilies of disjoint sets y,, 7;such that 7, +7, <w,

400 X, TESPECtively.

Example 3.18. X, X,, X,, X,, X, are proper intersections of the sets A, A, 6 A, A,, A, A,, Where
X1=A1ﬂA2ﬂA7ﬂAxﬂA9, X2=1410A30A4’ X3=A3mA67 X4=A6DA5,
X, =ANANA;, and A, A,A, are non common sets. d(X,)=5, d(X,)=d(X;)=3
d(X,)=d(X,)=2. The set {X,,X,,X, X, ,X,} can not formstandard ofpartition to
{A,A,,A,,A,, A, A, }and any subset of { X X X, , X,, X }can not formstandard topartition a subset of
(AL AL AL AL ASL Ag)

Proposition 3.19.Let A, A,, A;,..., A, beksetsand X |, X,, X,,..., X be wproper intersections of these ksets, if

all sets (common and non common)partition into 772 families of disjoint sets y,, ¥,, ¥3,--., ¥,,, labelled by

wherel<i< j<m+1, and{;,f; appearance of y,, 7, at X , X, X

1,2.3,...,m, and if f; be number of times the family of disjoint sets }; appear at w intersections, if 1<i<m,

m k w
1<1<k,1< j<wandk, is number of non common sets then Z[i =k + ch = Zd(Xj).

i=1 1=1 Jj=1
Proof: We labelled sets by labels of families of disjoint sets, such that two adjacent sets have two different labels, and
labelled any proper intersection X i (1< j<w) by number of labels equal its degree of intersection and same labels of

all sets their intersection equal X Iz let A, be common set between ¢, proper intersections, or ¢, number of times the

set A, appear at w proper intersections, —since d(X j) equal number of sets at proper intersection X j» therefore

w
kl+ch =Zd(Xj)’ since all sets (common and non common) partition into 72 families of disjoint sets
I=1 j=1

1> Xns Xzs-es X» labelled by 1,23, m, and if #;be number of times the family of disjoint sets }; appear at w

k m m k w

intersections, then we have then k, + ch = Z t,, therefore Zti =k + ch = Zd (X ).
I=1 i=1 i=1 (= j=1

Definition3.20.A walk of proper intersections and common sets is an alternating sequence

X,.5,.X,.5,.X,,5,,..X,,S,,X,,,is an alternating sequence ofproper intersections and common sets where §,,5,,S;,...,S,

are common sets and X, X,, X;,.., X, are such that S, #8§,,S, # S, where 1 <i <f.The walk of proper intersections and

3900y +1°

common sets,as abbreviation can also be denoted by X, X,,X,,...X,, X, ,,. A walk of proper intersections and common

sets X,,5,,X,,5,,X5,5;5,..X,,S,,X,,,is called cycle ofproper intersections and common sets if X, = X ,,. A walkis called

t+1

path if common sets are distinct and intersections are distinct.
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Proposition 3.21. Suppose we have common sets A;,A,,A;,...,A, , and X, ,X,,X,,...,X, are

w
properintersections ofthese k sets, and each intersection is intersection of at least two common sets, then there is at
least one cycle include all the sets A, A,, A;...., A, ,or some of them.

geeey

Proof: SupposeY,,B,,Y,,B,,Y,,B,,....Y B, ,,Y, isan alternating sequenceofproper intersections and common sets is path

and not cycle, where {1,Y,.Y,,...Y.}={X,,X,,X,,...X }and {B,B,,B,....,.B_} ={A,A,,A,,...,A, }, with origin ¥, and

3seeen dy

terminus Y, . Sinceeach intersection is intersection of at least two common sets definition of proper intersection, then |

is not origin and Y, is not terminus, since the sequence is finite, then Y;,B,.Y,,B,.Y,,B;,....Y, |,B

., is cycle.

Proposition 3.22. Suppose we have common sets A,A,,A;,...,A , and X X, X,,.. X  are
properintersections ofthese k sets, with maximum degree of intersection equal 7, suppose these k sets and W

intersections form a path Y,,B,,Y,,B,.Y,,B

39000

Y_,,B,_,.Y, ofproper intersections and common sets and not cycle, where

r.v,.7,.. Y} ={X.X,,X;,...X, }and{B,B,,B,....B _,} ={A,A,,A,,..., A, },if we partition all sets (common and non
common) into /11 minimum families of disjoint sets, then M =1.

Proof: From definition of path any two sets of y, ={B,,B,,B;....,B,_,} are disjoint, and same thing for

X, ={B,,B,,B,...,B_}, when ¢ is odd, or any twoof y, ={B,,B,,B.....,B,_} are disjoint, and same thing for
X, =1B,,B,,B;.....B,_,}, when 1 is even. Let the family of disjoint sets y, be labeled by 1.and let y, be labeled by

2. Therefore maximum number of families of disjoint sets each consist ofnon common set only, equal 7 — 2, therefore
of remaining non common sets can belabeled by one element of the set {3,4,5,...,n}.Therefore m=n.

Proposition 3.23. Suppose we have common sets A;,A,,A;,...,A , and X, ,X,,X,,...,X, are

w

properintersections ofthese k sets, with maximum degree of intersection equal 7, suppose these k sets and W
intersections form two paths Y,,B.Y,,B,.Y,,B,,..Y ,B,.Y, and Z,R,Z, R, Z,,R,...Z |,R

=127t

intersections and common sets and not cycle, where {V,,Y,.Y,,...Y.}U{Z,,Z,,Z,,...Z }={X,X,,X,,...X,} and

A
{B],BZ,B3,...,B[_1}U{RI,RZ,R_?,...,RS_]}:{AI,AZ,A3,...,Ak},if we partition all sets ( common and non common) into 711
minimum families of disjoint sets, then M =1H.

Proof: If there is no common set common between the two paths, usingProposition 3.22. we have M =n. If there is

»R_,Z  ofproper

common set common between the two paths, from definition of path any two sets of y, ={B,,B,,B;,...},

%, ={B,,B,,B.....}, s ={R,R;,R,,...} and y, ={R,,R,,R,,...}, where y, Uy,Uy, Uy, ={4,4,,4,..,A} Let
the family of disjoint sets y, be labeled by 1, y,be labeled by 2, y,be labeled by 3, and y be labeled by 4.Two of

Xis X2 X35 Xaare can form one family of disjoint sets. Let us consider ¥, and y,form one family of disjoint sets,
thenthe family of disjoint sets y, be labeled by I.Let the family of disjoint sets y,,y,,, be labeled by 12,3

respectively. Therefore maximum number of families of disjoint sets each consist ofnon common set only, equal
n — 3, therefore remaining non common sets can belabeled by one element of the set {4,5,6....,n}. Therefore Mm=n.If

there is common proper intersection between the four families of disjoint sets y,, ¥,, ¥, ¥, therefore maximum
number of families of disjoint sets each consist ofnon common sets only, equal 7 —4, therefore remaining non
common sets can belabeled by one element of the set {5,6,7,...,n}. Therefore M =N. Then the result holds.

Proposition 3.24. Suppose we have common sets A;,A,,A;,....,A,, and X, X, ,X,,.. X, are
properintersections ofthese k setswith maximum degree of intersection equal 72, suppose these k sets and W

intersections form three pathsif we partition all sets (common and non common) into 7 minimum families of disjoint
sets, then M =1N.
Proposition 3.25. Suppose we have common sets A,A,,A,,...,A,, and X,,X,,X,,..., X  are

> Y/
properintersections ofthese k sets(standard of partition), with maximum degree of intersection equal 7, suppose these
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ksets and Wintersections form ¢ paths, if we partition all sets (common and non common) into /! minimum families

of disjoint sets, then M =1.
Remark3.26. Proof of Proposition 3.24.and Proposition 3.25. is the same as proof of Proposition 3.22. and proof of
Proposition 3.23.

Proposition 3.27. Let A, A,, A;,..., A, be ksetsand X |, X,, X5,..., X, be wintersections of these k sets, and each
intersection of X', X,, X5,..., X, is proper intersection, if these k sets partition into 7z families of disjoint sets where

m = n+1itis not necessary X,,X,,X;,..., X isstandard ofpartition.
Proof: Example 3.18. is enough to prove this proposition.
Definition .3.28. Let A, A, , A,,..., A, be common sets and X, X,, X,,..., X are properintersections ofthese k sets,

then union of all sets (common sets and non common sets) is called connected , if there exists a path between any two
proper intersections.

Remark .3.29. Through this paper any definition or result about common sets and properintersections ofthese common
sets, then union of all sets (common sets and non common sets) considered connected.

IV. SOME RESULTS OF FAMILIES OF DISJOINT TECHNIQUE USING COMMON SETS

In this section we used the concept of common set at number ofintersections or between more than two intersections to
introduce some results of families of disjoint setscolouring technique.

Remark4.1.When we partition all sets (common sets and non common sets) into 71 families of disjoint sets, by words
change and exchange we mean change a set from afamilies of disjoint sets to another and exchange two different sets
between two different families of disjoint sets, such that any two joint sets belong to two differentfamilies of disjoint
set, and two disjoint setsbelong to two differentfamilies of disjoint sets orbelong to one family of disjoint sets.

Proposition 4.2. Let A, A,, A;,..., A, be k common setsand X,.X,,X;,...,X, be wproper intersections of

these k sets, with maximum degree of intersection equal 72, and each intersection of X 1 X5, X5,..., X, is proper
intersection, eachintersection is common between number of sets equal its degree of intersection, if all sets (common
sets and non common sets) partition into 772 families of disjoint sets y,, ¥,, ¥3,-.., ¥,,» for any two families of

disjoint sets ¥ ;and ¥ ; (i) if 7, meets y,at these wintersections, then %, U X jand can’t form one family of disjoint sets.
(ii) if y, dose not meet z;at these wintersections, then %, U X ;can form a family of disjoint sets.

Proof: (i) Let y, meet Z at these wintersections, suppose J; U X can form one family of disjoint sets, from definition
of y, meet 2 there exist two adjacent sets belong to the family of disjoint sets y, U X j» a contradiction therefore
Xi Uy jand can’t form one family of disjoint sets. (ii) Let y, not meet y at these wintersections, from definition of y,
not meet y therefore any two adjacent sets A7 and Aj where A, € y, and Aj € ¥ ;> we can exchange Al- by Az (not
adjacent), where Al & Xis afterwe exchange A by A, we consider Al € ¥; and A, & ¥ Let
{B.B,,B;,....B} =y, and {R,R,,R;,,...R}=y, where (B, B, B,,...B}c{A, A, A,. . A} and
{R.R,,R;,...R}{A.A,, A, A} From definition of y dose not meet x; any two sets of

{B.B,,B,,...B,,R,R,,R,,...,R } are disjoint, then we have s+ < w. Therefore %, U)(j can form one family of
disjoint sets.
Proposition 4.3. Let A, A,, A;,..., A, be k common setsand X,.X,,X;,..., X be wproper intersections of these k

sets(standard of partition), with maximum degree of intersection equal 72, if these K sets partition into 772 families of

disjoint sets ¥\, ¥, X3»-+-» X,» O any two families of disjoint sets ¥, meet y ; at thesew intersections, if 7;,7; be
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number of times the families of disjoint sets y,, ¥ ; appear at these w intersections respectively, wherethese w

intersections isstandard ofpartition all sets (common sets and non common sets) intom families of disjoint sets then we

w+1 w+2

have (Dw+1<17, +1, forwodd or even. (i) ) <t, <w forw odd. (ii)

<t, < wfor w even. (iv)

w—1

w
For thefamily of disjoint sets ¥, if there is?; such that #, < forw odd or 7, < —for w even, it will be only one

family of disjoint sets.

Proof: (i) Since ;meet y ; at these w intersections, whatever we exchange any two adjacent sets from ¥, and y ;so as to
be nonadjacent, there exist at least one pair adjacent, if there exist one pair adjacent therefore w+1 =1, + t, if there
exist two pairs adjacent therefore w+2 =1, +1 ;» if there exist three pairs adjacent therefore w+ 3=t +t j» continue
in this process we have w+1 <1, +7 forw odd or even.

w+1 w—1
forw odd, then ¢, =1, <

(ii)Suppose f; =1, < forw odd, therefore #, +1; < w—1for w odd, this

contradict (i)therefore <t, forw odd, from Proposition 4.1. we have {, < w for wodd or even, therefore

e W1
(iii) T <t, <w forw odd.

w+2

(iii) Suppose [, =1, < forw even, then #; =1; < — for w even, therefore #, +1; < wfor w even, this

| =

contradict (i)therefore <1, forw odd, from Proposition 4.1. we have 7, <w for wodd or even, therefore

w+2

<t, <wforw even.

w w
(iv)Suppose we have only one f; such that 7, < forw oddor ¢, < Efor Ww even, therefore for all other families

w
of disjoint sets X; there is tj such that < l‘j < wforw odd or E < tj < wfor w even, we have

3w-1

3w
w+l<t +1, < forw odd,and w+1<t¢, +1, STforW even, therefore we have wW+1<17, +7 forw

w
odd or even. Suppose we have 7;and?; suchthat 7, =1, < forwoddor £, =1, < Efor W even, therefore

t;+1; <w—lforw oddand f; +¢, < wfor w even, this contradict w+1 <17, +1;therefore (iv) holds

Proposition4.4. Let A, A,, A,,..., A, be k common setsand X,,X,, X;,..., X, be wintersections of these k sets,
and each intersection of X |, X,, X;,..., X is proper intersection(standard of partition), eachintersection is common

between number of sets equal its degree of intersection, if all sets (common sets and non common sets) partition into#2

families of disjoint Sets ¥, » ¥p» Xsseeer X if for alli, 1 <7< kwe have wtl < w, for wodd, or w2

<w, forw

even, where and w, appearance of the set A7 at X,,X,, X;,..., X, then these ksets partition into kfamilies of disjoint

sets.
Proof: Suppose the sets A,, A,, A,,..., A, partition into 772 families of disjoint sets
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Xis Xos Xzseees Xm»and suppose M < k, then there exists a colour class 7, at least consists of two sets, therefore
w+l1<t ; forwodd, w+ 2<¢ ; forweven, which is a contradiction to Proposition 3.9. therefore k < m, since k can’t

be less than M, therefore k = m.
Proposition4.5. Let A, A,, A,,..., A, be kcommon sets, and X, X,, X

sets(standard of partition), with maximum degree of intersection equal n, if we partition all sets (common sets and non

1. X, b€ wproper intersections of these k

common sets) into M families of disjoint sets, (i)maximum value of mequal 2n—1. i) if id(xj) = m(LH) +r Where
- 2
Jj=1

w+2

0< r<21 and wis odd, or led(X Y= (m—-1)
j=1

numberfamilies of disjoint sets.

Proof: (i) Supposem ismaximum numberfamilies of disjoint sets, let m = 2n, and wis odd, suppose minimum value of

)+ —+r wWhere Usr< ) ,and wis even , then m ismaximum
2

. + m
t,1<i<m, h=t,=1,=..=1, = W2 . smceZd(X )= Z; <nw thenwehaveZd(x Z; —2n(—)<nw isa

j=1 j=1

contradiction, therefore m < 2n, and suppose m = 2n —1, then we have Zd( X)= z;_ =(2n _1)(L1) <nw,
~ il 2
Jj=l i=1

thereforemaximum value of m equal 2n—1. Forweven odd, then we have Zd(x )= Zt =(2n- 1)(7) +— < nwisa
2
J=1 i=1

contradiction, therefore m < 2n, then we have id(xj) = it' =(2n- ])(ﬂ) < nw, thereforemaximum value of m equal
— ! 2
j=1 i=1

2n—1.

(ii) First suppose wepartitionthese k setsinto number offamilies of disjoint sets equal m 41, and let wis odd, such that

there are n — r, families of disjoint sets eachfamily appears wtl times, and there are r, families of disjoint sets eachfamily
2

-1
appears WTI times, andthere is one family of disjoint setsappears r + r,times, where 1<y, ,such that1 <r +1, < —_,

2

w+l rl(wi—l) +(r+rn,) and there exist twofamilies of disjoint sets XX such

thereforeZd(X) m(7)+r (m-r)—

J=1

X, respectively, hence m ismaximum

that , +1, < w,where 1<i< j<m+l, andt,,t; appearance of y,7, at X, X,,X;,...

numberfamilies of disjoint sets.
Second suppose wepartitionthese k setsinto number offamilies of disjoint sets equal m+1, and let wis even, such that

there are i — r, families of disjoint sets eachfamily appears Y +1times, and there are r,families of disjoint sets eachfamily
2
appears % —1times, andthere is one family of disjoint setsappears r + r,times, where 1<r, ,such that] <r+7, < E -1,

thereforeZd(X )= m( +)+r=(m- rl)( +1)+r1( ~D+(r+r) and there exist twofamilies of disjoint sets y,, Zi such
j=1

that o+t <w, where1<i< j<m+1, and tl.,tj appearance Of}(i,)(, at X, X,, X XW,respectively, hence m ismaximum

oeens
numberfamilies of disjoint sets. Therefore the result holds.

V. CONSTRUCTION MINIMUM NUMBER OF FAMILIES OF DISJOINT SETSMETHOD

In this section we introduce a method to construct minimum number of families of disjoint sets. Here we give some
examples to explain this method, and introduce some results related to this method.

IJIRSET © 2021 |  AnISO 9001:2008 Certified Journal | 10500


http://www.ijirset.com/

International Journal of Innovative Research in Science, Engineering and Technology (IJIRSET)

-
ﬂ"\ !ﬁg | e-ISSN: 2319-8753, p-ISSN: 2347-6710| www.ijirset.com | Impact Factor: 7.569|
[EIE]E || Volume 10, Issue 7, July 2021 ||

|DOI:10.15680/IJIRSET.2021.100315 |

Definition 5.1. Let A, A,,A;...., A, be k common sets, X,,X,,X,,... X, be all proper intersections of these k
sets(standard of partition), with maximum degree of intersection equal 1, ifall sets (common sets and non common sets)
partitioned into m familiesof disjoint sets, ¥, ¥,, ¥3s.--» X,,» Using the following method: In firs step we try
partitionmaximum number of families of disjoint sets, such that eachfamily of disjoint has appearance equal W, (we
partition till there is no family of disjoint sets its appearance equal W), supposemaximum number of families of

disjoint sets each has appearance W is ¢,.In second step we try partitionmaximum number of families of disjoint sets,
such that eachfamily of disjoint has appearance equal W — 1, supposemaximum number of families of disjoint sets

each has appearance w—1 is ¢,-In third step we try partitionmaximum number of families of disjoint sets, such that

eachfamily of disjoint has appearance equal w — 2, supposemaximum number of families of disjoint sets each has
appearance W — 2 is ¢, Continue in this process, till in last stepsupposemaximum number of families of disjoint sets

each has appearance W—S§ is g, where

0<g, 25w=g;<W, and > (w-i)g, = wgy+w—1q +W=2)q, +...+ (w—s5)g, = >.d(X,) this
i=0 j=1

method is calledconstruction of minimum number of families of disjoint sets.

Remark 5.2. From Definition 5.1. we haveall Qo+ q+qy+qs+...+q, =m.

Remark 5.3. Generally when we partitionk common sets A;, A,, A;,..., A, intomfamilies of disjoint sets, we have

four cases: (1) These m families of disjoint sets, are maximum number of families of disjoint sets. (2) These m families
of disjoint sets, are minimumnumber of families of disjoint sets. (3) These m families of disjoint sets, are neither satisfy
maximum number of families of disjoint sets, norsatisfy minimum number of families of disjoint sets.(4) These m
families of disjoint sets, satisfying both maximum number of families of disjoint sets, and minimum number of families
of disjoint sets.

Proposition 5.4. Suppose we have k common sets A;, A,, A;,..., A, ,and X, X, X,,..., X be all proper intersections

of these K sets(standard of partition), with maximum degree of intersection equal 1, where 2 <n, and there is an
intersection of degree two, all sets (common sets and non common sets) partitioned intom families of disjoint sets, then
the number offamilies of disjoint sets appear wtimes at X , X, X,,..., X not more than two.

Jaeees

Proof: Suppose thenumber offamilies of disjoint sets appear wtimes at XI,XZ,XS,,_,,XWequal three or more than three,
let ¥, ¥, x5 be threefamilies of disjoint sets eachappear wtimes at X, X,,X,,..., X, from definition offamily of

disjoint sets, each one of y,, ¥,, ¥, appear at all of intersections X ,X,, X,,..., X, then there is no intersection of
degree less than three, a contradiction since there is one intersection out of degree two, it is alsoa contradiction for more
thanthreefamilies of disjoint sets eachappear ywtimes at x X0 X X thereforethe number offamilies of disjoint sets
appear wtimes at X,,X,,X,,...., X not more than two.

We generalized Proposition 5.4. as follows:

Proposition 5.5. Suppose we have k common sets A, A,, A;,..., A, ,and X, X, X,,..., X be all proper intersections

of these k sets(standard of partition), with maximum degree of intersection equal n, andminimum degree of
intersection equal g, where g < n, all sets (common sets and non common sets) partitioned into m families of disjoint sets,
then the number offamilies of disjoint sets appear w times at ¥ »X,,X,,..., X ot more than g.

Proof ofProposition 5.5.is the same as inProposition 5.4.

Proposition 5.6. Let A, A,, A,,..., A, be k common sets, and X, X, X,...., X, be all proper intersections of these k

seeey

sets(standard of partition), with maximum degree of intersection equal n, if we partition all sets (common sets and non

common sets) into 772 families of disjoint sets, using method introduced by Definition 5.1. then 72is minimum number
offamilies of disjoint sets.
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w w w

Proof: Step I: LetZd(X,_) = wyg, + rthen we have Zd(xi) =wm< wn,Oer(X,.) = w(m—1)+r < wn,then m<n,
j=1 J=l =l

since m < nis not true, therefore m = and mis minimum number offamilies of disjoint sets.

Step II.  Let Zd(Xl) =wq, + (W—l)ql + rthen we have Zd(Xz) =wgq, + (W_l)ql +r< Wn’al’ld qo+ 4, +1=m if
=1 =1

r#0and g, +q, =m if r=0,and supposewe partition these k sets into m—1families of disjoint sets, such that
gy +q,+1=m—1if r#0and g, +q =m~—1if r=0,then either there is g, + xfamilies of disjoint sets appear wtimes
atx,,X,,X,,..,X,0r there iSq] + xfamilies of disjoint sets appear j,—]times at X, X5 X500 X, where xis an integer
1< x which is a contradiction, or there is at least onefamily of disjoint sets g, such that w+1<t,, therefore m is
minimum number offamilies of disjoint sets.
Step III: Let Zd(Xl.) =wq, +(w-1)gq, + (w-2)q, + rthen we have Zd(Xi) =wq, +(w-1gq, +(w=2)q, +r <wn

j=1 j=1
and g, +¢,+q, +1=mif r#0and g, +q, +q, =m if r=0,and supposewe partition these ksets into 71— Ifamilies of
disjoint sets, such that
r=0,and supposewe partition these k sets into 71— 1families of disjoint sets, such that Gy tq,+q, +1=m-1if r=0
and G+ q,+q, = m—1if r=0,then either there is 4, + xfamilies of disjoint sets appear wtimes at X, X, X550, X, 0T
there is g, + xfamilies of disjoint sets appear w—1times orthere is g, + xfamilies of disjoint sets appear w—2times at
X,,X,,X;,.... X, where Xis an integer 1 < xwhich is a contradiction, or there is at least onefamily of disjoint sets X

such that w+1<t,, therefore 772 is minimum number offamilies of disjoint sets. For the remaining stepswhere inlast step

we have Zd(Xi) =wq, + (Ww=1g, +(w=2)q, + (W=3)q, +...(w—5)q, +1, in each step, the proof is same as instep
j=1

III. Therefore the result holds.

Proposition 5.7. Let A, A,, A;,..., A, be kcommon sets, and X, X,, X,,..., X, be all proper intersections of these k

Joeens
sets(standard of partition), with maximum degree of intersection equal 1, if we partition all sets (common sets and non
common sets) into m families of disjoint sets,any family of disjoint setsappear not more than w-1 times at
w
i _ — <rs<w- <
X, X,, X5, X, and if p(yp 1)+r_Zd(Xj) where 2<r<w-2,then n+1<m.

j1
Proof: Letthese k setspartitioned into number offamilies of disjoint sets equal m, if we consider appearance for

e X, €qual w—1, and since n(w—1)+r:Zd(Xj) therefore
j=l
X, and if we consider maximum

anyfamily of disjoint sets at w intersections X, X,,X,

m=n+1 and any two families of disjoint sets meet each otherat X ,X,,X

30y

+1
appearance for anyfamily of disjoint sets less than w—1and equal w—f, where id <w—t<w-1 forwbe odd, and

w . w W
5+1Sw—t<w—1 for wbe even, and since n(w—l)+r=Zd(Xj)We haven(w_;)+n([_1)+r:n(w_1)+rzzd(xj)
il p=

sincemaximum appearance forany family of disjoint sets equalw —¢ therefore m=n+1if 1<n(t—1)+r <w-t,and

n+1<mif (w-t)+1<n(t-1)+r. Therefore n+1<m.

Proposition 5.8 Let A, A,, A,,..., A, be kcommon sets, and X , X, X,,..., X, be all proper intersections of these k

39eees

sets(standard of partition), with maximum degree of intersection equal n, if we partition all sets (common sets and non

common sets) into 71 families of disjoint sets,such that m isminimum numberfamilies of disjoint sets. Let g, be number
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offamilies of disjoint sets appear wtimes at X, X, X,...., X, Where O < g, < 2 and n— g, be maximum number

offamilies of disjoint sets appear w—1times at X, X,, X,,.... X, ,if yp — 72 + o+ 1= id(xj) where

j=1
2<r<w-1,thenn+1=m.
Proof: Letthese k setspartitioned into number offamilies of disjoint sets equal m ,using Proposition 3.19. we can write

k w
wq, +(w—D(n—qy)+r= Zci = Zd(Xj) where ¢; number of times the set A, appear at w proper

i=1 j=1
intersections, since g, + (w—1(n—gq,) +r = wn—n+ g, + » then for minimum number offamilies of
disjoint sets we have to take maximumappearance, suppose we have g  families each one appear W times, and n — g,
families each one appear w-1times, and onefamily appear r times, since go+(n—qgy)+1=n+1 then n+1=m.
Using method of Definition 5.1. 772 = 72 + 11s minimum number offamilies of disjoint sets. To prove 721 is minimum

number of familiesof disjoint sets, suppose we partition these k sets into m—1families of disjoint sets, suppose we
distributethe family of disjoint setsappear r times at X, X,,X,,.., X, tofamiliesof disjoint sets each one appear y

times,it is a contradiction, since there is no family of disjoint sets appear more than w times. Suppose we distributea
family of disjoint setsappear r times tofamiliesof disjoint sets each one appear w-I times,it is a contradiction,
sincenumber of familiesof disjoint sets each one appear y times more than not more than g, and there is no family of

disjoint sets appear more than vy times. Therefore 722 is minimum number of familiesof disjoint sets.

VL. ADDITION OF COMMON SETS AND NON COMMON SETS

In this section we suppose & common sets A, A, , A;,..., A, , and wproper intersections X, X,,X,,..., X, of these

k sets(standard of partition), with maximum degree of intersection equal 72, these k sets partitioned into m families of

disjoint sets. Here we introduce some results of addition of common sets and non common sets, such that theproper
intersections of these k sets (standard of partition), and additional sets remains unchanged.

Proposition 6.1. Suppose we have k common sets A, A,, A,,..., A, , and wintersections X, X,, X,,..., X, (all of
these intersections are proper intersections of these & sets(standard of partition), with maximum degree of intersection
equal 71, if all sets (common sets and non common sets) partitioned into 77 minimum families of disjoint sets, if we add
only one non common sets, without changingmaximum degree of intersection, and without addition of any proper
intersection, such that the standard ofpartition ofthese k +1 setsremains X »X,, X5 X, Only degree of oneproper

intersection change, then these k + 1 setspartitioned into 7 minimum families of disjoint sets.
Proof: : Let these 7 minimum families of disjoint setslabeled by 1,2,3,...,m, sincestandard ofpartitionthese k +1
setsremains X, X,, X,,..., X, and the additional noncommon sets appears once at oneproper intersection X, where

1<j<w, d(X)=x, 2<x<mn-1,if X, =(123,..x,) thenafteraddition of the noncommon set welabelled ijy
X ;= (1,2,3,..., x, y) where x+1< y < m,andadditional noncommon set belongs tofamily of disjoint sets X, and
x+1<y<m,since d(X ;) < n—1Ithe additional noncommon set can belongs to one of the followingfamilies of
diSjoint Sets ¥ 1, ¥ .ns Xxszse-s X,y- Then these k 41 setspartitioned into m minimum families of disjoint sets.

Proposition 6.2. Suppose we have k common sets A, A,, A,,..., A, , and wintersections X, X,, X,,..., X, (all of

these intersections are proper intersections of these & sets(standard of partition), with maximum degree of intersection
equal 72, if all sets (common sets and non common sets) partitioned into 7 minimum families of disjoint sets, if we

remove only one non common sets, without changingmaximum degree of intersection, and without removal of any
proper intersection, such that the standard ofpartition after removal of a non common set remains X, X5, X5 X only

degree of oneproper intersection changed, then after removal of a non common set these setspartitioned into m
minimum families of disjoint sets.
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Proof: : Let these m minimum families of disjoint setslabeled by 1,2,3,...,m, since after removal a non common
setstandard ofpartitionremains X, X,,X,,..., X, suppose belongs tofamily of disjoint sets Xy the removal of one
noncommon set changes only one proper intersection. Let this proper intersection denoted by X ;= 1,2,3,....x,y)
where 2< x<n-—1,

1<j<w, d(Xj) =x+1if XJ. = (1,2,3,..., x, y) thenafterremoval of the noncommon set weof disjoint sets Xy
and x +1 < y < m, thenafterremoval of the noncommon setd(X ;) <n—1 and if w+1<d(X;)+d(X,) where
i# j,1<i<m then the result holds. Supposeafterremoval of the noncommon set d(X;)+d(X,)<w,a
contradiction since before removal w+1 < d (X j) +d(X;) where holds for common sets, see remark .3.30. Then

after removal of a non common setw+1<d(X;)+d(X,). Therefore after removal of a non common set these
setspartitioned into 7 minimum families of disjoint sets.
Proposition 6.3. Suppose we have x common sets A1 , A2 s A3 enes Ak , and w intersections X, X5, X500 X, (all of

these intersections are proper intersections of these i sets(standard of partition), with maximum degree of intersection
equal 7, if all sets (common sets and non common sets) partitioned into ;2 minimum families of disjoint sets, then

addition of § non common sets, without changingmaximum degree of intersection, and without addition of any proper
intersection, such that the standard ofpartition ofthese k + ¢ setsremains X, X, X500 X, only degree of someproper
intersection change, then these k + g setspartitioned into #2 minimum families of disjoint sets.

Proof: : Let these m minimum families of disjoint setslabeled by 1,2,3,...,m, sincestandard ofpartitionthese k + g
setsremains X, X5, X500 X, and any noncommon sets appear once at oneproper intersection then any

additionalnoncommon sets appear at the intersection X, where 1< j<w, 4 X)=nx, 2<x<n-1, if
X, =(123....x) thenanyadditional noncommon setlabelled by one element of the set {x +1,x+ 2, x+ 3,...,m}. Case
one: we add ¢ noncommon set appear at X such that any two noncommonsets out of these ¢ noncommon sets have
two differentlabels, where 1<g <y, 1<y<n-2,3<x+y<n, we denote x , after addition of ¢ setsby x
from definition ofnoncommon set, any noncommon set related only to one proper intersection, we canlabeled X, by

X, =123, x,x+1Lx+2,x+3,.,x+¢q), since 11 < mthen these k + g setspartitioned into m families of disjoint sets.

Second let ¥ < ¢,and let ¢, +q, +q;+...+q, = ¢, such that for all i we have ¢; <y where 1 <i<s, which

satisfiesforalli conditions in case one, we canlabeled Xq.by X, =123, ., 6x+Lx+2,x+3,.,x+q,), sincen <m

then these k + g, setspartitioned into /7 minimum families of disjoint sets. Therefore the result holds.

Proposition 6.4. Suppose we have &k common sets A, A,, A;,..., A, , and w intersections X, X, X500 X all

> k > w?
ofthese intersections are proper intersections of these k sets(standard ofpartition),with maximum degree of intersection
equal 77, and there is at least oneintersectiononly of common sets with degree of intersection equal 72, if there are ¢
non common sets,if these k + ¢ sets partitioned into 72 minimum families of disjoint sets, then after removal of these g

non common sets, all sets (common sets and non common sets) partitioned into 72 minimum families of disjoint sets.
Proof: Step I: Here conditions of Proposition 6.2. satisfied, suppose we remove one non common set, usingProposition

6.2, these k sets partitioned into 72 minimum families of disjoint sets.
Step II: Conditions of Proposition 6.2. satisfied, suppose we remove the second non common set, usingProposition 6.2,

these k sets partitioned into 72 minimum families of disjoint sets. Continue in this process till last step (Step ¢ )
Step ¢ : Conditions of Proposition 6.2. satisfied, suppose we remove the last non common set, usingProposition 6.2,

these K sets partitioned into 72 minimum families of disjoint sets.
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VII. THE MAIN RESULT

Remark 7.1 Let A, A,, A;,..., A, be kcommon sets, and X, X,, X.

sets,with maximum degree of intersection equal 71, if we partition these k sets into 72 +1=m minimum families of

,.... X, be all proper intersections of these k
disjoint sets y,, ¥,, ¥3s--» X,,» if there are twofamilies of disjoint sets y,, X such that 7, +rsw, then will not

bestandard of partition these X, X,,X,,..., X, Will not bestandard of partitionthese k sets into 7+ 1= m minimum

geeey

families of disjoint sets.

Proposition 7.2 Let A, A,, As,..., A, be k common sets, and X , X,, X,,..., X, be all proper intersections of these k

sets,with maximum degree of intersection equal 72, if we partition all set3s (common sets and non common sets) into
n + 1 = mminimum families of disjoint sets Kis Xos Hzoeees Xm» and XansXp--waiS notstandard of partition these k
sets into 72+ 1 = mminimum families of disjoint sets. If X', X, X,..., X, is standardof partition (with maximum
degree of intersection equalnz) A, A,, A;,..., A, into n+1=mminimum families of disjoint sets y,, ¥,, ¥3».-s X,
where {A, A,, A,,..., A } € {A, A, A,,..., A }and { X, X,, X5,.... X, } < {X,,X,, X;,.... X }, then the sets
AL A, A,,..., A, partition into 71 + 1 = s minimumfamiliesof disjoint sets.

Proof: Since X,, X, X,..., X, be standardof partition A, A,, A;,..., A, into

n + 1 = mminimum families of disjoint sets y,, ¥, ¥3...., X,, Such that

X ={ALAL AL LAY

X ={A, A0, Asssees Ay,

X3 = A5 A, Ags L AL )

I ={AL AL A LA,

From definition of standard of partition we have # +1<7r, +r;, , <twhere , + 1, + ry+...+ 1, =7,
1<i<j<m,1<I<m.

Since {A[, A, A,,....,A } = {A, A, A,,..., A } we can write

2 ={A L AL AL ALY S AL AL A Ay

X ={A1, A5 Agseees Ay 1 S {AZI,A22,A23,...,Ak2}
X ={A5, A5, Ay Ay} C {A31,A32,A33,...,A3k3}

I =AL AL A AL Y SHALL A Ay Ay )
X,,X,,X,,.... X, is notstandard of partition these k sets, therefore w+1 < k; + k ;not holds for all #, j where
I1<i<j<m,k, <w,1<[<m,andk +k,+k,+...+k, =k.

Then the sets A,, A,, A,,..., A, partition into 72 + 1 = mminimumfamiliesof disjoint sets.

Proposition 7.3 Let A, A,, As,..., A, be kcommon sets, and X, X,, X,,..., X, be all proper intersections of these k

3aeees

sets,with maximum degree of intersection equal 72, if we partition all sets (common sets and non common sets) into 71

minimum families of disjoint sets, then 72 +1 = mif and only if either X, X, X,,..., X be standard of partition for these

39eees

k setsinto m minimum familiesof disjoint sets , and wq, +(w—1gq, +(w—2)gq, +...+(w—25)q, = Zd(Xj)
j=1

suchthatg, +¢q, +¢q, +...+q, =mor X,, X,, X5,..., X, isstandard of partition for A , A,, A,,..., A, with
maximum degree of intersection equal 7, where { A, A, A;,..., A, } € {A,A,, A;...., A },
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t
{X]7X2aX3a---7X[} C{X17X2:X3:---aXW}’ qu +(W_1)q1 +(W_2)q2 +...+(W—S)qs sz(X/)and

=1
go+q,+q,+..+q, =m=n+1.

Proof: First let n +1 = m, we have two cases: (I) suppose X b X, X X, form standard of partition kX common sets

3aeees

into 72 4+ 1 = ;2 minimum familiesof disjoint sets, therefore

wq, +(w—1)gq, +(W—2)q, +...+(W—5)gq, = Zd(Xj) suchthat g, + g, +q, +...+q, =m
Jj=1

where 7 +1 = m, therefore the result holds.(II) suppose X, X,, X,,..., X, can not form standard of partition £ common

geeey

sets into 72+1 = minimum familiesof disjoint sets, usingProposition 7.2. there exists X,, X,, X5,..., X,

isstandard of partition for A, A,,A;,...,A, with maximum degree of intersection equal 7, where

{ALALALLA Y {ALALALLLLA Y , {(X,.X,,X,,...X,} <{X,.X,.X;,...X , },

t
Wy + W=Dy +(W=2)qy +.ct (W=5)q, = D.d(X ) and gy +q, +q,+...+q, =m=n+1. Therefore
j=1
the result holds.
Converselysuppose X, X0, X000 X, 0T (X, X, X ens Xt}form standard of partition common sets into y minimum

familiesof disjoint sets, and wq, +(w—1gq, +(w—2)g, +...+(W—s)q, = Zd(Xj) such that
j=1
go+q,+q,+...+q, =m wheren+1=m, or

1
Wy +(W=1)g, + (W=2)q, +...+ (W=5)q, = > d(X )and gy + G+ +..+q, =m=n+1.
Jj=1
Therefore x X, X50es X, 00{X . X, X,,.... X, } satisfy method of construction minimum number of families of disjoint

sets, using Proposition 5.6. therefore 7241 = mis minimum families of disjoint sets.
VIII. CONCLUSION

This paper aboutgeneral type of colouring, it is generalization of edge colouring, vertex colouring, facecolouring. The
concept ofcommon set differentiate between edge colouring and other types of colouring (vertex colouring and
facescolouring). It explain edge colouring is special case of colouring. More detail in papers [18,19,20].
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