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ABSTRACT: In this manuscript, we state and prove some generalized and extended nonlinear estimates on certain 

existing discrete inequalities. These inequalities can find applications in the analysis of some discrete event dynamical 

systems to study boundedness, uniqueness, stability of the solutions of difference equations therein. We also provide 

some applications to convey the importance of our results. 
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I. INTRODUCTION 

Inequalities occupy a central position in the research domain, which concerns the study of several qualitative and 

quantitative properties of the solutions of differential, integral, fractional differential, fractional difference, and 

difference equations (see. [1], [2], [3], [4], [5]). It is a well-acquainted fact that the inequality technique is popularly 

employed to deal with the certain crucial analysis of discrete event dynamical systems. In numerous circumstances viz. 

Mathematical model analysis, biological processes, etc., one finds the mathematical equations, which involve 

cumbersome calculations in the search of exact solutions. In such cases, inequalities play a crucial role, since they 

provide explicit bounds on the solutions of the concerned equations. These bounds can be readily used to study distinct 

characteristics of the solutions like stability, existence, uniqueness, and many more. 

In the year 1969, Sugiyama [2] presented the most complete discrete analogue of celebrated Gronwall-Bellman 

inequality, which has a wide range of applications in difference equations. Further, in 1973, Pachpatte[4] established a 

generalized version of Sugiyama's inequality, which can be adopted to solve certain crucial finite difference equations, 

where, Sugiyama's inequality fails to provide the explicit bounds. On the parallel lines, Pachpatte[1] [5], Gamidov[6], 

Ma [7], Zhao [8] stated and proved several further generalizations of the inequalities developed by Sugiyama [2] and 

Pachpatte[4]. 

In all over discussion, we take 𝑁0 = {0,1,2, … }and for any function 𝑥(𝑡), 𝑡 ∈ 𝑁0 , we define the operator ∆  as ∆ 𝑥(𝑡) = 𝑥(𝑡 + 1) − 𝑥(𝑡) .  For 𝑡1 > 𝑡2,  𝑡1, 𝑡2 ∈ 𝑁0  and any function 𝑥(𝑡), 𝑡 ∈ 𝑁0, we use the usual notations: ∑ 𝑥(𝑠) = 0 𝑡2𝑠=𝑡1 and ∏ 𝑥(𝑠) = 1.𝑡2𝑠=𝑡1  

  We list here some important lemmas and finite difference inequalities, before proceeding towards our main results. 

Theorem 1.1. (Pachapatte's Inequality [1]) 

Let 𝑢(𝑡), 𝑎(𝑡) and 𝑏(𝑡) be nonnegative functions defined on 𝑁0 and ∆𝑢(𝑡) ≤ 𝑎(𝑡)𝑢(𝑡) + 𝑏(𝑡), 𝑡 ∈ 𝑁0, 

, 

then 𝑢(𝑡) ≤ 𝑢(0) ∏(1 + 𝑎(𝑠)) + ∑ 𝑏(𝑠)𝑡−1
𝑠=0

𝑡−1
𝑠=0 ∏ (1 + 𝑎(𝜎))𝑡−1

𝜎=𝑠+1 , 𝑡 ∈ 𝑁0. 
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Theorem 1.2. (Sugiyama's Inequality [2]) 

Let 𝑢(𝑡), 𝑎(𝑡), 𝑏(𝑡) be nonnegative functions defined on 𝑁0 and 𝑢(𝑡) ≤ 𝑎(𝑡) + ∑ 𝑏(𝑠)𝑢(𝑠)𝑡−1
𝑠=0 , 𝑡 ∈ 𝑁0, 

, 

Where 𝑐 ≥ 0 is a constant then 𝑢(𝑡) ≤ 𝑎(𝑡) + ∑ 𝑎(𝑠)𝑏(𝑠)𝑡−1
𝑠=0 ∏ (1 + 𝑏(𝜎))𝑡−1

𝜎=𝑠+1 , 𝑡 ∈ 𝑁0. 
Theorem 1.3. (Sugiyama's Inequality [2]) 

Let 𝑢(𝑡), 𝑏(𝑡) be nonnegative functions defined on 𝑁0 and 𝑢(𝑡) ≤ 𝑐 + ∑ 𝑏(𝑠)𝑢(𝑠)𝑡−1
𝑠=0 , 𝑡 ∈ 𝑁0, 

, 

Where 𝑐 ≥ 0 is a constant then 𝑢(𝑡) ≤ 𝑐 ∏(1 + 𝑏(𝑠))𝑡−1
𝑠=0 , 𝑡 ∈ 𝑁0. 

 

Lemma 1.4. (Zhao [8])  

Assume that 𝑎 ≥ 0, 𝑝 ≥ 𝑞 ≥ 0, 𝑝 ≠ 0 then 𝑎𝑞𝑝 ≤ 𝑞𝑝 𝑘𝑞−𝑝𝑝  𝑎 + 𝑝 − 𝑞𝑝 𝑘𝑞𝑝, 
for any 𝑘 > 0. 

II. MAIN RESULTS 

 

Theorem 2.1. Assume that 𝑥(𝑡), 𝛼(𝑡), 𝛽(𝑡), 𝑓(𝑡), 𝑔(𝑡) be non-negative functions defined on 𝑁0. If, for 𝑡 ∈ 𝑁0, 𝑥(𝑡) 

satisfies 

 𝑥𝑝(𝑡) ≤ 𝛼(𝑡) + 𝑓(𝑡) ∑  𝑡−1
𝑠=0 [𝛽(𝑠)𝑥𝑞(𝑠) + 𝑔(𝑠)]  

(1) 

 

then 

 𝑥(𝑡) ≤ (𝛼(𝑡) + 𝑓(𝑡) [∑  𝑡−1
𝑠=0   [𝑞𝑝 𝑘𝑞−𝑝𝑝 𝛽(𝑠)𝛼(𝑠) + 𝑝 − 𝑞𝑝 𝑘𝑞𝑝𝛽(𝑠) + 𝑔(𝑠)]

× ∏  𝑡−1
𝜎=𝑠+1   {1 + [𝑞𝑝 𝑘𝑞−𝑝𝑝 𝛽(𝜎)𝑓(𝜎)]}])1𝑝  

 

(2) 

for 𝑡 ∈ 𝑁0. 

Proof.Let us define a function 𝑦(𝑡) as 

 𝑦(𝑡) = ∑  𝑡−1
𝑔=0 [𝛽(𝑠)𝑥𝑞(𝑠) + 𝑔(𝑠)]      (3) 

 

It gives 𝑦(0) = 0 and 
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 𝑥𝑝(𝑡) ≤ 𝛼(𝑡) + 𝑓(𝑡)𝑦(𝑡)       (4) 

Further from (3), (4), followed by using Lemma 1.4, we get Δ𝑦(𝑡) = 𝛽(𝑡)𝑥𝑞(𝑡) + 𝑔(𝑡) 

    ≤ 𝛽(𝑡)(𝛼(𝑡) + 𝑓(𝑡)𝑦(𝑡))𝑠𝑝 + 𝑔(𝑡) 

     ≤ 𝛽(𝑡) [𝑞𝑝 𝑘𝑞−𝐹𝐹 (𝛼(𝑡) + 𝑓(𝑡)𝑦(𝑡)) + 𝑝−𝑞𝑝 𝑘𝑞𝑝] + 𝑔(𝑡)  

Now making use of Theorem 1.1, we obtain 𝑦(𝑡) ≤ ∑  𝑡−1
𝑥=0 [𝑞𝑝 𝑘𝑞−𝑝𝑝 𝛽(𝑠)𝛼(𝑠) + 𝑝 − 𝑞𝑝 𝑘𝑦𝑃𝛽(𝑠) + 𝑔(𝑠)] ∏  𝑡−1

𝜎=𝑠+1 {1 + [𝑞𝑝 𝑘𝑞−𝑃𝑃 𝛽(𝜎)𝑓(𝜎)]} 

Using this estimate in (4), we get the desired bound on 𝑥(𝑡) as stated in (2). 

 

Remark. 

1. If we substitute, 𝑝 = 𝑞 = 1, 𝑓(𝑡) = 1, 𝑔(𝑡) = 0 for each 𝑡 ∈ 𝑁0 then Sugiyama’s inequality stated in Theorem 

1.2 becomes a special case of Theorem 2.1. 

2. Pachaptte’s inequality ( [1], p.19, Theorem 1.3.1) can be retraced as a particular case of Theorem 2.1 under the 

substitutions 𝑝 = 𝑞 = 1. 
 

Theorem 2.2. Assume that 𝑥(𝑡), 𝛼(𝑡), 𝑓𝑘(𝑡), 𝛽𝑘(𝑡), 𝑘 = 1,2,3, … , 𝑛, are nonnegative functions defined on 𝑁0. If, for 𝑡 ∈ 𝑁0, 𝑥(𝑡) satisfies 

 𝑥𝑝(𝑡) ≤ 𝛼(𝑡) + ∑  𝑛
𝑘=1 𝑓𝑘(𝑡) (∑  𝑡−1

𝑠=0  𝛽𝑘(𝑠)𝑥𝑞(𝑠)) (5) 

then for 𝑡 ∈ 𝑁0 

 

Proof. Let 𝑓(𝑡) = sup𝑘  𝑓𝑘(𝑡), 𝑡 ∈ 𝑁0 

Then from (2.7), it is easy to observe that 𝑥𝑃(𝑡) ≤ 𝛼(𝑡) + 𝑓(𝑡) ∑  𝑡−1
𝑠=0 (∑  𝑛

𝑘=1  𝛽𝑘(𝑠)) 𝑥𝑞(𝑠). 
An easy application of Theorem 2.1 implies the estimate 𝑥(𝑡) ≤ (𝛼(𝑡) + 𝑓(𝑡) [∑  𝑡−1

𝑠=0   [𝑞𝑝 𝑘𝑞−𝑝𝑃 (∑  𝑛
𝑘=1  𝛽𝑘(𝑠)) 𝛼(𝑠) + 𝑝 − 𝑞𝑝 𝑘𝑞𝑃 (∑  𝑛

𝑘=1  𝛽𝑘(𝑠))] 

× ∏  𝑡−1
𝜎=𝑠+1   {1 + [𝑞𝑝 𝑘𝑞−𝑝𝐹 (∑  𝑛

𝑘=1  𝛽𝑘(𝜎)) 𝑓(𝜎)]}])1𝑝 . 
 

which is the desired bound as stated in (6). 

 

 

𝑥(𝑡) ≤ (𝛼(𝑡) + 𝑓(𝑡) [∑  𝑡−1
𝑎=0   [𝑞𝑝 𝑘𝑞−𝑝𝑃 (∑  𝑛

𝑘=1  𝛽𝑘(𝑠)) 𝛼(𝑠) + 𝑝 − 𝑞𝑝 𝑘𝑎𝑝 (∑  𝑛
𝑘=1  𝛽𝑘(𝑠))]

× ∏  𝑡−1
𝜎=Ω+1   {1 + [𝑞𝑝 𝑘𝑞−𝑝𝐹 (∑  𝑛

𝑘=1  𝛽𝑘(𝜎)) 𝑓(𝜎)]})1𝑝  (6) 
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Remark. Gamidov’s inequality ( [1], p.19, Theorem 1.3.2) can be achieved as a special version of Theorem 2.2, if we 

consider,  𝑝 = 𝑞 = 1. 
 

Further, we present certain inequalities to deal with the more general class of finite difference equations, 

which involve the function of two independent variables like, Δ𝑥𝑝(𝑡) = ∂(𝑡, 𝑠)𝑥𝑞(𝑡), where 𝑥(0) = 𝑐1𝑝 , for some 𝑐 ≥ 0, 𝑝 ≥ 𝑞 ≥ 0, 𝑝 ≠ 0 We begin with the following result: 

 

Theorem 2.3. Assume that 𝑥(𝑡) is nonnegative function defined on 𝑁0 and let 𝐽(𝑡, 𝑠),0 ≤ 𝑠 ≤ 𝑡 be nonnegative and 

nondecreasing function in 𝑡 for every 𝑠 ∈ 𝑁0. If for 𝑐 ≥ 0 𝑥𝑝(𝑡) ≤ 𝑐 + ∑  𝑡−1
𝑠=0 𝐽(𝑡, 𝑠)𝑥𝑞(𝑠), where 0 ≤ 𝑠 ≤ 𝑡, 𝑠, 𝑡 ∈ 𝑁0, 𝑝 ≥ 𝑞 ≥ 0, 𝑝 ≠ 0 

then 

𝑥(𝑡) ≤ {𝑐 ∏  𝑡−1
𝑠=0  (1 + 𝑞𝑝 𝑘𝑎−𝑝𝐹 ∂(𝑡, 𝑠)) + ∑  𝑡−1

𝑠=0  𝑝 − 𝑞𝑝 𝑘𝑞𝑝𝐽(𝑡, 𝑠) ∏  𝑡−1
𝜎=𝑠+1   (1 + 𝑞𝑝 𝑘𝑞−𝑝𝑃 ∂(𝑡, 𝜎))}1𝑝

 

Proof. At the first, fix any 𝑇 ∈ 𝑁0, then 𝑥𝑃(𝑡) ≤ 𝑐 + ∑  𝑡−1
𝑠=0 𝐽(𝑇, 𝑠)𝑥𝑞(𝑠), for 0 ≤ 𝑡 ≤ 𝑇 

Let us define a function 𝑦(𝑡) as 𝑦(𝑡) = 𝑐 + ∑  𝑡−1
𝑠=0 𝐽(𝑇, 𝑠)𝑥𝑞(𝑠) 

This gives 𝑦(0) = 𝑐 and 

 𝑥𝑝(𝑡) ≤ 𝑦(𝑡), for 0 ≤ 𝑡 ≤ 𝑇 (7) 

Further Δ𝑦(𝑡)  = ∂(𝑇, 𝑡)𝑥𝑞(𝑡) ≤ ∂(𝑇, 𝑡)𝑦𝑑𝐹(𝑡) ≤ 𝐽(𝑇, 𝑡) {𝑞𝑝 𝑘𝑎−𝑝𝑃 𝑦(𝑡) + 𝑝 − 𝑞𝑝 𝑘𝑎𝑝}Δ𝑦(𝑡)  ≤ 𝐽(𝑇, 𝑡) 𝑞𝑝 𝑘𝑞−𝑝𝑃 𝑦(𝑡) + 𝑝 − 𝑞𝑝 𝑘𝑞𝑝 ∂(𝑇, 𝑡) 

An application of Theorem 1.1 implies the bound 

 𝑦(𝑡) ≤ 𝑐 ∏  𝑡−1
𝑠=0 (1 + 𝑞𝑝 𝑘𝑎−𝑝𝑝 ∂(𝑇, 𝑠)) + ∑  𝑡−1

𝑠=0
𝑝 − 𝑞𝑝 𝑘𝑎𝐹 ∂(𝑇, 𝑠) ∏  𝑡−1

𝜎=𝑠+1 (1 + 𝑞𝑝 𝑘𝑞−𝑝𝑝 ∂(𝑇, 𝜎)) (8) 

However, since 𝑇 is arbitrary, (8) together with (7) gives 

𝑥(𝑡) ≤ {𝑐 ∏  𝑡−1
𝑠=0  (1 + 𝑞𝑝 𝑘𝑞−𝑝𝐹 ∂(𝑡, 𝑠)) + ∑  𝑡−1

𝑠=0  𝑝 − 𝑞𝑝 𝑘𝑞𝑝 ∂(𝑡, 𝑠) ∏  𝑡−1
𝜎=𝑠+1   (1 + 𝑞𝑝 𝑘𝑞−𝑝𝑃 ∂(𝑡, 𝜎))}1𝑝

 

for 𝑡 ∈ 𝑁0, 𝑘 > 0. 

 

Remark.  

1. Sugiyama’s inequality given in Theorem 1.3 is a specific case of inequality proved in Theorem 2.3, if we let, 𝑝 = 𝑞 = 1 and 𝐽(𝑡, 𝑠) = b(s), t ∈ 𝑁0. 

2. Pachaptte’s inequality ( [1], p.20, Theorem 1.3.3) is a particular case of Theorem 2.1 under the consideration 𝑝 = 𝑞 = 1. 
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Theorem 2.4. Assume that 𝑥(𝑡) is nonnegative function defined on 𝑁0and let ∂(𝑡, 𝑠),0 ≤ 𝑠 ≤ 𝑡 be nonnegative and 

nondecreasing function in 𝑡 for every 𝑠 ∈ 𝑁0. If for nonnegative, and nondecreasing function 𝑎(𝑡), 𝑡 ∈ 𝑁0, 𝑥𝑝(𝑡) ≤ 𝛼(𝑡) + ∑  𝑡−1
𝑠=0 𝐽(𝑡, 𝑠)𝑥(𝑠), where 0 ≤ 𝑠 ≤ 𝑡, 𝑠, 𝑡 ∈ 𝑁0, 𝑝 ≥ 1 

then 

𝑥(𝑡) ≤ 𝛼(𝑡) {∏  𝑡−1
𝑥=0  (1 + 1𝑝 𝑘1−𝑝𝐹 ∂(𝑡, 𝑠)) + ∑  𝑡−1

𝑠=0  𝑝 − 1𝑝 𝑘1𝑝 ∂(𝑡, 𝑠) ∏  𝑡−1
𝜎=𝑠+1   (1 + 1𝑝 𝑘1−𝛽𝐹 ∂(𝑡, 𝜎))}1𝑝

 

for 𝑡 ∈ 𝑁0, 𝑘 > 0. 

Proof. We begin with the assumption that 𝛼(𝑡) > 0, 𝑡 ∈ 𝑁0. Since 𝑝 ≥ 1 and 𝛼(𝑡) > 0, we obtain 

 
𝑥𝑝(𝑡)𝛼𝑝(𝑡) ≤ 1 + ∑  𝑡−1

𝑠=0 𝒥(𝑡, 𝑠) 𝑥(𝑠)𝛼(𝑠) (9) 

Substitute 𝑥(𝑡)𝛼(𝑡) = 𝑢(𝑡) 

then (9) reduces to 𝑢𝑃(𝑡) ≤ 1 + ∑  𝑡−1
𝑠=0 𝒥(𝑡, 𝑠)𝑢(𝑠) 

The straightforward application of Theorem 2.3 with 𝑞 = 1, 𝑐 = 1 implies the bound 𝑢(𝑡) ≤ {∏𝔵=0𝑡−1  (1 + 1𝑝 𝑘1−𝑝𝑝 ∂(𝑡, 𝑠)) + ∑𝔰=0𝑡−1  𝑝 − 1𝑝 𝑘12𝑔(𝑡, 𝑠)∏𝜎=𝑠+1𝑡−1   (1 + 1𝑝 𝑘1−𝑝𝑃 ∂(𝑡, 𝜎))}1𝑝
 

for 𝑡 ∈ 𝑁0, 𝑘 > 0, which together with (9) gives that 

𝑥(𝑡) ≤ 𝛼(𝑡) {∏  𝑡−1
𝑥=0   (1 + 1𝑝 𝑘1−𝑝𝑝 ∂(𝑡, 𝑠)) + ∑  𝑡−1

𝑠=0  𝑝 − 1𝑝 𝑘1𝑝 ∂(𝑡, 𝑠) ∏  𝑡−1
𝜎=𝑠+1   (1 + 1𝑝 𝑘1−𝐹𝐹 ∂(𝑡, 𝜎))}1𝑝

 

for 𝑡 ∈ 𝑁0, 𝑘 > 0. 

 

Theorem 2.5. Assume that 𝑥(𝑡), 𝛼(𝑡), 𝛽(𝑡), 𝑓(𝑡)  and 𝑔(𝑡)  are nonnegative functions defined on 𝑁0.  Let ∂(𝑡, 𝑠), Δ𝑡𝒥(𝑡, 𝑠) = 𝒥(𝑡 + 1, 𝑠) − 𝒥(𝑡, 𝑠)  be nonnegative functions for 0 ≤ 𝑠 ≤ 𝑡, 𝑠, 𝑡 ∈ 𝑁0.  If, for 𝑝 ≥ 𝑞 ≥ 0, 𝑝 ≠0, 𝑥(𝑡) satisfies 𝑥𝑝(𝑡) ≤ 𝛼(𝑡) + 𝑓(𝑡) ∑  𝑡−1
𝑠=0 𝐽(𝑡, 𝑠)(𝛽(𝑠)𝑥𝑞(𝑠) + 𝑔(𝑠)), 𝑡 ∈ 𝑁0 

then 𝑥(𝑡) ≤ 𝛼(𝑡) + 𝑓(𝑡) ∑  𝑡−1
𝑠=0 ℬ(𝑠) ∏  𝑡−1

𝜎=𝑠+1 (1 + 𝒜(𝜎)), 𝑡 ∈ 𝑁0 

where.      𝒜(𝑡) = 𝒥(𝑡 + 1, 𝑡) 𝑞𝑝 𝑘 𝑎 − 𝑝𝑝𝛽 (𝑡)𝑓(𝑡) + ∑𝑠=0𝑡−1  Δ𝑡𝒥(𝑡, 𝑠) 𝑞𝑝 𝑘𝑎−𝑝𝑝 𝛽(𝑠)𝑓(𝑠) ℬ(𝑡) = ∂(𝑡 + 1, 𝑡) [𝑞𝑝 𝑘𝑞−𝑝𝑝 𝛽(𝑡)𝛼(𝑡) + 𝑝 − 𝑞𝑝 𝑘𝑞𝑝𝛽(𝑡) + 𝑔(𝑡)] +∑𝑠=0𝑡−1  Δ𝑡 ∂(𝑡, 𝑠) [𝑞𝑝 𝑘𝑞−𝑝𝑝 𝛽(𝑠)𝛼(𝑠) + 𝑝 − 𝑞𝑝 𝑘𝑞𝑝𝛽(𝑠) + 𝑔(𝑠)] 

0 ≤ 𝑠 ≤ 𝑡, 𝑠, 𝑡 ∈ 𝑁0. 
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Proof. We begin with the function 𝑦(𝑡) defined as 𝑦(𝑡) = ∑  𝑡−1
𝑠=0 𝐽(𝑡, 𝑠)(𝛽(𝑠)𝑥𝑞(𝑠) + 𝑔(𝑠)), 𝑡 ∈ 𝑁0 

This gives 𝑦(0) = 0 and 

 𝑥𝑝(𝑡) ≤ 𝛼(𝑡) + 𝑓(𝑡)𝑦(𝑡), 𝑡 ∈ 𝑁0 (10) 

It is simple to notice that 𝑦(𝑡) is monotonically nondecreasing in 𝑡, thus Δ𝑦(𝑡)  = ∑  𝑡
𝑠=0  𝒥(𝑡 + 1, 𝑠)(𝛽(𝑠)𝑥𝑞(𝑠) + 𝑔(𝑠)) − ∑  𝑡−1

𝑠=0  ∂(𝑡, 𝑠)(𝛽(𝑠)𝑥𝑞(𝑠) + 𝑔(𝑠))
 = 𝒥(𝑡 + 1, 𝑡)(𝛽(𝑡)𝑥𝑞(𝑡) + 𝑔(𝑡)) + ∑  𝑡−1

𝑠=0   [∂(𝑡 + 1, 𝑠) − ∂(𝑡, 𝑠)](𝛽(𝑠)𝑥𝑞(𝑠) + 𝑔(𝑠))
 = 𝒥(𝑡 + 1, 𝑡)(𝛽(𝑡)𝑥𝑞(𝑡) + 𝑔(𝑡)) + ∑  𝑡−1

𝑠=0  Δ𝑡𝒥(𝑡, 𝑠)(𝛽(𝑠)𝑥𝑞(𝑠) + 𝑔(𝑠))
 

≤ ∂(𝑡 + 1, 𝑡) (𝛽(𝑡){𝛼(𝑡) + 𝑓(𝑡)𝑦(𝑡)}𝑞𝑝 + 𝑔(𝑡)) +∑𝑠=0𝑡−1  Δ𝑡 ∂(𝑡, 𝑠) (𝛽(𝑠){𝛼(𝑠) + 𝑓(𝑠)𝑦(𝑠)}𝑞𝑝 + 𝑔(𝑠)) ≤ ∂(𝑡 + 1, 𝑡) (𝛽(𝑡) {𝑞𝑝 𝑘𝑞−𝑝𝑃 [𝛼(𝑡) + 𝑓(𝑡)𝑦(𝑡)] + 𝑝 − 𝑞𝑝 𝑘𝑞𝑝} + 𝑔(𝑡))                                   +∑𝑠=0𝑡−1  Δ𝑡 ∂(𝑡, 𝑠) (𝛽(𝑠) {𝑞𝑝 𝑘𝑞−𝑝𝑝 [𝛼(𝑠) + 𝑓(𝑠)𝑦(𝑠)] + 𝑝 − 𝑞𝑝 𝑘𝑞𝑝} + 𝑔(𝑠)) = {∂(𝑡 + 1, 𝑡) 𝑞𝑝 𝑘𝑞−𝑝𝑝 𝛽(𝑡)𝑓(𝑡) + ∑𝑠=0𝑡−1  Δ𝑡 ∂(𝑡, 𝑠) 𝑞𝑝 𝑘𝑞−𝑝𝑝 𝛽(𝑠)𝑓(𝑠)} 𝑦(𝑡) + {∂(𝑡 + 1, 𝑡) [𝑞𝑝 𝑘𝑞−𝑝𝑝 𝛽(𝑡)𝛼(𝑡) + 𝑝 − 𝑞𝑝 𝑘𝑞𝑝𝛽(𝑡) + 𝑔(𝑡)] +∑𝑠=0𝑡−1  Δ𝑡𝐽(𝑡, 𝑠) [𝑞𝑝 𝑘𝑞−𝑝𝑝 𝛽(𝑠)𝛼(𝑠) + 𝑝 − 𝑞𝑝 𝑘𝑞𝑝𝛽(𝑠) + 𝑔(𝑠)]}                                                     = 𝒜(𝑡)𝑦(𝑡) + ℬ(𝑡) 

An effortless use of Theorem 1.1 provides the bound 

 𝑦(𝑡) ≤ ∑  𝑡−1
𝑠=0 ℬ(𝑠) ∏  𝑡−1

𝜎=𝑠+1 (1 + 𝒜(𝜎)) (11) 

Further, combined use of (10) and (11) implies that 𝑥(𝑡) ≤ 𝛼(𝑡) + 𝑓(𝑡) ∑  𝑡−1
𝑠=0 ℬ(𝑠) ∏  𝑡−1

𝜎=8+1 (1 + 𝒜(𝜎)), 𝑡 ∈ 𝑁0 

This completes the proof of our Theorem. 

 

Remark. We can acquire an handy and fascinating inequality established by Pachaptte ( [1], p.13, Theorem 1.2.3) as a 

definite case of Theorem 2.5, if we put 𝑝 = 𝑞 = 1. 
 

III. APPLICATIONS 

Example 3.1. Consider the difference equation 

 𝑥3(𝑡) = 2𝑡2 + ∑  𝑡−1
𝑠=0 𝑥2(𝑠) + 𝑠 + 1, 𝑡 ∈ 𝑁0 (12) 

Let us assume that the functions and indices involved in (3.1) are as follows: 𝛼(𝑡) = 2𝑡2, 𝛽(𝑡) = 1 = 𝑓(𝑡), 𝑔(𝑡) = 𝑡 + 1, 𝑝 = 3,  and 𝑞 = 2 
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Thus, an application of Theorem 2.1, we obtain 

𝑥(𝑡) ≤ (2𝑡2 + [∑  𝑡−1
𝑠=0   [23 𝑘−13 2𝑠2 + 13 𝑘23 + 𝑠 + 1] × ∏  𝑡−1

𝜎=𝑠+1   {1 + [23 𝑘−13 ]}])13
 

On computing the right-hand side of inequality (3.2), we get 𝑥(𝑡) ≤ (2𝑡2 + 14 (45𝑘23 (( 23√𝑘3 + 1)𝑡 − 1) + 6√𝑘3 (3 ( 23 √𝑘3 + 1)𝑡 − 5𝑡 − 3) 

+2𝑘 (( 23√𝑘3 + 1)𝑡 − 1) − 8𝑡2))13
 

≤ (14 (45𝑘2/3 (( 23√𝑘3 + 1)𝑡 − 1) + 6√𝑘3 (3 ( 23√𝑘3 + 1)𝑡 − 5𝑡 − 3) 

+2𝑘 (( 23√𝑘3 + 1)𝑡 − 1)))13
 

 

 𝑥(𝑡) ≤ √45𝑘2/3 (( 23 √𝑘3 + 1)𝑡 − 1) + 6√𝑘3 (3 ( 23 √𝑘3 + 1)𝑡 − 5𝑡 − 3) + 2𝑘 (( 23 √𝑘3 + 1)𝑡 − 1)3 22/3  
(13) 

 

 

For instance, if we take 𝑘 = 1, then the bound on the solution of equation (12), using (13) is found to be 

𝑥(𝑡) ≤ √47 ((53)𝑡 − 1) + 6(−5𝑡 + 31−𝑡5𝑡 − 3)3 22/3  

Example 3.2. Consider the difference equation 

 𝑥2(𝑡) = 4 + ∑  𝑡−1
𝑠=0 (𝑡2 + 𝑠)𝑥(𝑠) (14) 

If we let ∂(𝑡, 𝑠) = 𝑡2 + 𝑠 and 𝑐 = 4, then an application of Theorem 2.3 provides the estimate on the bound of solution 

as 

𝑥(𝑡) ≤ {4 ∏  𝑡−1
𝑠=0  (1 + 12 𝑘−12 (𝑡2 + 𝑠)) + ∑  𝑡−1

𝑠=0  12 𝑘12(𝑡2 + 𝑠) ∏  𝑡−1
𝜎=𝑠+1  (1 + 12 𝑘−12 (𝑡2 + 𝜎))}12

 

On computing the right-hand side of inequality (3.6), we get 

 𝑥(𝑡) ≤ {(𝑘 + 4)2−𝑡𝑘−𝑡2Γ(𝑡2 + 𝑡 + 2√𝑘)Γ(𝑡2 + 2√𝑘) − 𝑘}12
 (15) 

For instance, if we let 𝑘 = 1, then the estimate on bound of the solution of equation (14), using (15) is 𝑥(𝑡) ≤ {52−𝑡Γ(𝑡2 + 𝑡 + 2)Γ(𝑡2 + 2) − 1}12
 

 

IV. CONCLUSIONS 

In this article, we have obtained certain useful generalizations of some prominent discrete inequalities due to 

Pachpatte, Gamidov, and Sugiyama. These results can play a crucial role in the determination of an explicit bound on 

the solutions of a class of nonlinear difference equations. However, we have to deal with several more general and 
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complicated difference equations in the modeling of numerous biological, ecological processes. Thus, these results can 

be further generalized to undertake the study of several general classes of difference equations. 

REFERENCES 
 

[1]. B. G. Pachpatte, "Inequalities for Finite Difference Equations," Marcel Dekker, Inc., New York, 2002.  

[2]. S. Sugiyama, "On the stability of Difference Equations," Bull. Sci. Engr. Research Lab., vol. 45, pp. 140-144, 1969.  

[3]. G. Sasone and R. Conti, "Nonlinear Differential Equations," Macmillan, NY, 1964.  

[4]. B. G. Pachpatte, "On the Discrete Generalizations of Gronwall’s Inequality," J. Indian. Math. Soc., vol. 37, pp. 

147-156, 1973.  

[5]. B. G. Pachpatte, "On Some New Discrete Inequalities and Their Applications," Proc. Nat. Acad. Sci. India., vol. 46, 

no. A, pp. 255-262, 1976.  

[6]. S. T. Gamidov, "Some integral inequalities for boundary value problems for differential equations," 

Differencial'nye Uravnenija, vol. 5, pp. 463-472, 1969.  

[7]. F. Ma, "Stability theory of Stochastic Difference systems, in Probabilistic Analysis and Related Topics," A. T. 

Bharucha-Reid, Academic Press, NY, vol. 3, pp. 127-160, 1983.  

[8]. C. J. Zhao, "Some integral inequalities for differential equations," J. Binzhou Teachers College, vol. 17, no. 4, pp. 

41-46, 2001.  

[9]. B. G. Pachpatte, Inequalities for Differential and Integral Equations, vol. 197, Academic Press, 1997.  

[10] . B. G. Pachpatte, Integral and Finite Difference Inequalities and Applications, vol. 205, North-Holland 

Mathematics Studies, 2006. 

 

 

 

 

 

http://www.ijirset.com/



