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ABSTRACT: Completely characterize the matching equivalent classes of P, Ur p UT1,1,n), by the property of

graph's matching polynomial and its maximum roots.
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I. INTRODUCTION

All graphs considered in this paper are undirected and simple (i.e., loops and multiple edges are not allowed). Let G =
(V(G),E(G)) be a graph with vertex set V(G) ={v,,V,,--,V } and edge set E(G) = {¢,,e,,"--,e,}, where
|V(G) |=n is the order and | E(G) |= m| is the size of G . A spanning subgraph H is called a matchingof G , if

every connected component of H is isolated edge or isolated vertex. K — matchingof G is a matching with k edges. In
[1] E. J. Farrell denote the matching polynomial as

(G, x)=> (=" p(G,k)x"*,

k=0
where p(G, k) is the number of k-matchings of G .

Two graphs G and H are called matching-equivalentif £(G,x) = p(H,x), and denoted by G ~ H . The disjoint
unionof two graphs G and H , denoted by G|J H , is the graph with vertex set V(G) UV (H) and edge set
E(G)UE(H) . kG denotes the disjoint union of k copies of G . LetM(G)bethelargestmatchingrootof 1(G, x) . We
denote by P, (n>1), C, (n23)a path and a cycle of order n, respectively. A graph D,  (m >3, n>1) s defined
as the graph obtained by identifying one end of the path Pn 41 With a vertex of the cycle Cm .By T'(a,b,c) denote the
tree which has one 3-degree vertex U and three 1-degree vertices V;,V,,V; and the distance between U and V,V,,V,
are a,b,c , respectively. Let Pn_2 be a path with vertices sequence 1, 2, ...,n-2, [ " (n>6) denotes the tree obtained
by adding pendant edges at vertices 2 and n-3 of P,F2 , respectively. For a graph G, let G be the complement of G .

The classes of matching equivalent graphs determined by (G under ~is denoted by [G]. In this paper, we Completely
characterize the matching equivalent classes of P, U1, UT(1,1,n).

II. PRELIMINARIES

k
Lemma 2.1[1] Let G be a graph with kcomponents G,, G, ,....,G, . Then u#(G,x) = H,U(Gl. ,X) .
i=1

Lemma 2.2 [1] Lete =uv € E(G) . Then u(G,x)=u(G—-e,x)— u(G— {u,v}, x).
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Lemma 2.3 [1]Let G be a connected graph andu € V(G), e € E(G) . Then M(G) is a single root of £(G, x)
and M(G)> M(G—u), M(G)>M(G—e).

Lemma 2.4 [3]Let G be a connected graph. Then

(WM (G) <2ifandonlyif GeQ, ={K,P,C  T(,Ln),T(1,2,i)(2<i<4), D3’1} ;

()M (G)=2ifandonlyif GeQ, ={K,,,7(2,2,2),7(1,3,3),71,2,5), 1,, D;,,D,,}.

Lemma 2.5 [4]Let M (G) < 2. Then graph G is matching uniquely if and only if G = kK, m,P,\U m,P,U
[lemzl.PZi]U[U3 n,C,1UdD;, U eT(1,2,3)U fT(1,2,4), where kn; =mn,,, = md =m,d = n,e =

i> >3

n’

nse=mnsf =nny,f =0and k,m,, n;, d,e, [ are non-negative integer.
Lemma 2.6 [51(1) P,,,00 P, UC,., (m>2) @ T{,Ln)0KUC,,

3 T(1,2,2)0 R,UD,;, @ K,UC, 0P UD;,,

) K,UC, 0 C,UT(1,2,3) © K,UC.0C,UC,UT1,2,4)
Lemma 2.7 [6](1) D;, 0 D,, (2 K,UD;, 01

3) T(2,2,2)0 BUD,, @ T(1,3,3)0 BUD,,

& T(1,2,50PUD;, © KUI,OPUK,

o pr  UJropr Ul (mn=6) ® 1, ,01,UC,,(m=6)
Lemma 2.8 [5]G ~ H if and only if G~ H".

III. MAIN RESULTS

Theorem 3.1 Let[ P, U I, UT'(1,1,n)] beThe classes of matching equivalent graphs of P, J I, UT(1,1,n).
Then

W1 n=1,4,7,13, [RUI,UT11,n)]={2R,UK,,UC,,,, K,UT(2,2,2)UT(,1,n),
2k, UT2,2,2UC,,,. K,URUILUC,,,, K, UP,UD,,UT(11n), 2K,UP,UD,,UC,,,,
k,URUD,,UT(1,n), 2K,UR,UD,,UC,,,}:

@fn=1, [RULUTLLD]={2R,UK  UC, LUK ,UP, KURUILLUC, K, UI,UP,
kK,UrUIL, K,UPRUD,,UT(1,11), 2K, UP,UD,,UC,, 2K,UPL,UD,,, K,UP,UD, UT(1,1,1),
2K,UP,UD,,UC,,2K,UPUD,,};

®Ifn=4, [PLUI,UT1L4)]={K UT(2,2,2)UT{11,4), 2K,UT(2,2,2)UC,,

K, URUD, UT2,2,2), K,URUCUI, BLURUD,,UI, PRUT(1,2,2)UI, K,UP,
Ub,,UT,1,4), 2k, URUC,UD,,, K, URUPRUD, UD,,, K,UPUT(1,2,2)UD,,,
K,UPUD, UT(114), 2K, UPUC,UD,,, K, URUPRUD, UD,,, K,URUT1,2,2)UD,,};

@it n=7, [PUI,UT117)]={K UT(2,2,2)UT{11,7), 2K, UT(2,2,2UC,,
kK Uc,UT1,2,3UT2,2,2), K,UrUCUI,, RLUC,UT1,2,3)UI,, LUT1,2,3)UI,
K,URUD,,UT(117),2k,URUC,UD,,, K, URLUC,UT(1,2,3)UD,,, K,URU
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T(1,2,3)UD,,, K, URUD, UT(11,7), 2K,UR,UC,UD,,, K,URUC,UT(1,2,3UD,,,
KUPRUT1,2,3)UD,,};

G If n=13, [RUI,UT1,1,13)]= {K,UT(2,2,2)UT(1,1,13), 2K, UT(2,2,2) UC,s,

K UCUCGUT1,2,4UT(2,2,2), K, URUC UL, LUCUCUT12,49HUI,, RU
cuUra.2,4UI1, kK, UrUD,,UT1,1,13), 2k, UR,UCsUD,,, K,UR,UC, UC, U
T(1,2,4UD,,, K,URUCUT1,2,9HUD,,, K,URUD,, UT(113),2K,UR,UC,UD,,,
kK UpUcUcUr1,2,4Ub,,, K,UPUCUT1,2,4HUD,,}.

Proof.Let H ~ P,UI,UT(1,1,n),then M (H)=M(P,UI,UT(1,1,n)), By Lemma 2.4, we obtain
M (H)=M(I,)=2. There must be a connected component H, in H belonging to the setQ),.Let H = H,UH,.
Thus, we distinguish with the following cases according to M (1) .

Case 1: 1t H, =K, ,, then RLUI, UT(,Ln)0 K,,U H,.By K,,U H,0 RUI, UT(,1,n)0
pUI,UK,UC,,0 2P,UK,,UC,.,. wehave H,0 2P,UC, ,.

Subcase 1.1: If n# 1, then H, 1 2P, UC,,,;

Subcase 1.2: If n=1, by Lemma 2.6, we have H, 0 2P,UC,0 P,UP,.

Case 2: 1t H, =T(2,2,2) . then P,UI,UT(1,1,n)0 T(2,2,2)UH, .By T(2,2,2)UH, 0
PUILUTLLnO RUK UD,,UT11Ln)0 K, UT(2,2,2)U T(1,1,n), we have
H,0K,UT11,n).

Subcase 2.1: If n#4,7,13, By Lemma 2.6, we have H, ] K, UT(1,1,n)J 2K, UC, ., .

Subcase 2.2: If n=4, by Lemma 2.6, we have H, 1 K, UT(1,1,4)0 2K, UC, 0 K,UR,UD,;

Subcase 2.3: If n=7, by Lemma 2.6, we have H, I K, UT'(1,1,7)0 2K,UC, U K, UC,UT(1,2,3);

Subcase 2.4: If n=13, by Lemma 2.6, we have H, [ K, UT(1,1,13)0 2K, UC ;[

K. UCUCUT1,2,4);

Case3: If H, =T(1,3,3), then R,UI,UT(1,1,n)0 T(1,3,3)UH,.By K,UPUI,UT(1,1,n)0 K,U
71, 3,3)UH,0 K,URUD,,UH,0 P,UI,UH,,wehave LUH, ] K, UP,UT(,1,n)0]
2K,UP,UC,,,. By Lemma 2.5 and Lemma 2.6, this case does not exist.

Case 4:1f H, =T(1,2,5) then P,U I, UT(1,1,n)0 T(1,2,5UH,.By K,UP,UI,UT(,1,n)0
KUT(, 2,5 UH,0 K,UP,UD,,UH,0 P,UI,UH,,wehave P,UH,0 K,UPL,UT(1,1,n)0
2K,UP,UUC,,,. By Lemma 2.5 and Lemma 2.6, this case does not exist.

Case5:1f H =1 . then P,UI,UT(11Ln)0 I, UH,.

Subcase 5.1: If 7% 1,4,7,13, By Lemma 2.6, we have I, UH, 0 RLUI,UT(,1,n)0 P,UI,U
K,.UC,,,.So,if m=6,wehave H,[] LUT(1,1,n)00 LUK, UC,,,;
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Subcase 5.2: If n=1, By Lemma 2.6 and Lemma 2.7, we have I, UH, 0 P,UI,UT(1,1,1)[
PULUKUC D ILUKUPO PUK UIL,.So.if m=6.wehave H,[] ,UT(1,1,1)[] UK, U
C,U0KUP;it m=9,H,0 P,UK,;

Subcase 5.3: If n=4, By Lemma 2.6, we have I, U H, 0 PLUI,UT(1,1,4)0 PR,UI, UK, UC,[
PUI,URUD,, 0 I,UPRUT(1,2,2).So,it m=6,wehave H, ] BLUT(1,1,4)0 BUK,UC, U
PUPUD,, U PUT(1,2,2);

Subcase 5.4: If n=7, By Lemma 2.6, we have [, UH, U0 P,UI,UT(1,1,7)U RLUI,UK UC,U
PUIUCUT1,2,3)0 I,UPUT1,2,3).So,if m=6,wehave H, ] P,UT(1,1,7)0
RUK UG U RUGUT1,2,3)0 RUT(,2,3);

Subcase 5.5: If n=13, By Lemma 2.6, we have I, UH, 0 B,UI,UT(1,1,13)0 RLUI,U K,UC U
PUIUCUCUTA, 2,40 I,UPUCUT®A,2,4).S0.if m=6,wehave H,[1 P,UT(1,1,13)[]
pUKUc.0 PUCUC,UT1,2,4)0 PU C,UT(1,2,4).

Case6:1f H =D, , . then P,UI,UT(1,1,n)0 D,,U H,. By Lemma 2.7, we have K, UP,UI U
T(L,Ln) 0 K,UD,,UH, 0 I,UH,.

Subcase 6.1: If n#1,4,7,13, By Lemma 2.6, we have H, 1 K, UP,UT(1,1,n)J 2K, UP,UC,,,;

Subcase 6.2: If n=1, By Lemma 2.6, we have H, [l K, UP,UT(1, 1,10 2K, UP,UC, U 2K,UP,;

Subcase 6.3: If n =4, By Lemma 2.6, we have H, U K, UJP,UT(1,1,4)0 2K,UPUC, U
K,UP,UPUD,,:

Subcase 6.4: If n="7, By Lemma 2.6, we have H, U K, UP,UT(1,1,7)0 2K,UP,UC, U
KUprPUCUT2,3)0 KUPUT®,2,3);

Subcase 6.5: If n =13, By Lemma 2.6, we have H, 1 K, UP,UT(1,1,13)0 2K, UP,U C;5 U
KUrRUCGUCGUTA2,4C K,URUCUT(1,2,4);

Case7:1f H =D,,.By D,, 0 D, ,itis similar to Case 6. The proof is omitted.

The proof of Theorem 3.1 is complete.
By Theorem 3.1 and Lemma 2.8, we have Theorem 3.2:

Theorem 3.2 Let[(P,U 1, UT (1,1,1))°] beThe classes of matching equivalent graphs of (P, U1, U
T(1,1,n))" . Then

W If n=1,4,7,13, (RUI,UT1Ln) 1= {2RUK ,UC,,), (K,UT(2,2,2UT(,1,n),
2k, UT2.2,2UC,.,)". (K,URUIUC,.,) . (K, UPUD,,UT(1,1,n)),
K, UrUD,,UC,.,), (K,URUD, UT1,1n), 2K,URUD,,UC,.,)}:

It n=1, [(RUILUTALD)]={2RUK,,UC), (BUK UPR), (K,URUIUC),
(K,ULLUPR) ., (K,URUL), (K,URUD,,UT(1,LD), 2K, UP,UD,,UC,)",
K, UrPUD,,), (x,,UR,UD,, UT@,11), 2K,URUD,, UG, QK,URUD,,)'};
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@1t n=4, [(BUIL,UTAL4) 1= {(K,UT(2,2.2UT0,14), 2K UT2,2.2U C,),
(K, URUD,, UT(2.2,2), (K,UBUC,ULY, (BURUD,, UL, (BUT1,2,2) UL,
(K, URUD,,UT(,1,4), 2K, URUC,UD,,), (K, UBURUD,, UD,,),

(K, URUT1,2,2UD,,), (K, UBUD,, UT(14), 2K, UBUC,UD,,, (K,URU
RUD,, UD,,), (K,URUT(1,2,2)UD,,)};

@1t n=7, [(BUIL,UTALLT) 1= {(K,UT2.2,2)UTA17), 2K UT2,2,2) UG,
(K, Uc,UT(,2,3)UT(2,2,2)F, (K, URUCG,ULY, (BUC,UTA,2,3) UL,
(RUT2.3)UL), (K,URUD,,UTLL7), 2k,URUCUD,,), (K,URUC,U
T(1,23)UD,,), (K,URUT1,2,3UD,,), (K,UBUD,, UT(L7), 2K,URU C,UD,,,
(K, UBUGUT(,2,3)UD,,, (K,URUT(1,2,3)UD,,)}:

G Ifn=13, [(P, U I Ura,1,13)°]1= {(K, Ure,2,2)Ura,i,i3)y), (2K, Ura,2,2) UCIS)",
(K,UC,UCUT.2.4UT2.2.2). (K,URUCUL). (BUCGUCUT.2.4) UL,
(RUC,UT,2.HUI), (K,URUD,,UT(,1,13)¢, 2K,UBUC,UD,,, (K,U
BUCUGUT,2,4UD,,), (K,URUCUT(,2,4UD,,), (k,URUD,, U T(LLI3)),
@k,URUC,UD,,r. (K, URUC,UCUT1L24UD,), (K,URUCUT12,4UD,,)}.
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