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ABSTRACT: The purpose of this paper is to study inverse fractional trigonometric functions. Based on Jumarie's
modified Riemann-Liouville (R-L) fractional calculus and a new multiplication of fractional analytic functions, some
fractional derivative and integral formulas of inverse fractional trigonometric functions are obtained. These results we
obtained are the same as those in classical calculus. The chain rule for fractional derivatives plays an important role in
this study. On the other hand, the new multiplication we defined is a natural operation of fractional analytic functions.

KEYWORDS: Inverse fractional trigonometric functions, Jumarie's modified R-L fractional calculus, New
multiplication, Fractional analytic functions, Chain rule for fractional derivatives.

I. INTRODUCTION

Fractional calculus is a research hotspot in recent years. The application of fractional calculus in many fields such as
numerical analysis, physics and engineering has aroused great interest [1-11].In the first half of the 19th century,Abel,
Liouville and Riemann correctly introduced fractional integral and derivative in the analysis. However, the use of
generalized differential and integral operators became more familiar in the last decades of the 19th century because of
the symbolic calculus of Heaviside and the work of mathematicians such as Hadamard, Hardy and Littlewood, M.
Riesz, and H. Weyl.

In this paper, the properties of inverse fractional trigonometric functions are studied. Based on Jumarie type of
modified R-L fractional calculus and a new multiplication of fractional analytic functions, we obtain several fractional
derivative and fractional integral formulas of inverse fractional trigonometric functions. The main method used in this
paper is the chain rule for fractional derivatives. In fact, our results are similar to those in traditional calculus.
Moreover, the new multiplication is a natural operation of fractional analytic functions.

II. DEFINITIONS AND PROPERTIES

In the following, we introduce the fractional calculus used in this article.

Definition 2.1 {[12]): Let 0 < a=1, and a be a real number. The Jumane's modified Riemann-Liouville ce-fractional
derivative 1s defined by

(D) Lr@)] = gy L ax, (1)

and c-fractional integral is defined by

(ron -]

(8—x) ax. [_-

-+

where T(y) = [ t"'e "dt is the gamma function.
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Proposition 2.2 ([13]): Ifa, B, C are real numbers and § = a > 0, then

o B C{g+1) B—a -
([}De)[e | =toa® ()
and
(DD:)[C] - 0. (4)
Next, 1l of fractional analytic function is introduced.

Definition 2.3 ([14]): If 6, 6 . and a_are real numbers forall k, 8 € (a, b), and 0 < a=1. If the function f [a, b]—=R
can be expressed as an o-fractional power series. 1e. f_ ( } E {B ) ) " on some open interval

(8—. — 56 + 5} then we say that fﬂ{ﬂlﬂ) 15 o-fractional analytic at 8, where s 1s the radius of convergence about 6_.
Moreover, if f :[a, b] =R is continuous on closed interval [a, b] and it 13 o-fractional analytic at every point in open

mterval {a, b), then f, 1s called an c-fractional analytic function on [a, b].
Definition 2.4: ( fﬂ(Ba])u = fﬂfﬁj@---@fﬂfﬁz} is called the n-th power of the a-fractional analytic function fﬂ(ﬂa}
. On the other hand, 1f g"(ﬂa} 1s also an c-fractional analytic function such that fﬁ(s“‘) & g“(s‘“] = 1, then we say that

gﬂ(e“] is the @ reciprocal of fai:ﬁa} and is denoted b}_[ .. (eu]]::—l

In the following, we define a new multiplication of fractional analytic functions.

Definition 2.5([12]): Suppose that0 < a < 1, and 6 is a real number. Iff,(6%) andg,(0%) are two a-fractional
analytic functions,

Ja(0%) = Zl?:()r(k‘;"m (6 = 60) = Xizo ‘:f (F(zx+1) ©- HO)a) ’ ®)
®k
9a(0%) = Bizo s (6 — 60 = B e (s (0 - 60%) ®)
Then we define
fa(ga) ® ga(H“)
(o] e b
— ka __ "k pg_ ka
Z a7 1)@ 70 ® ;)F(ka 1@~ %)
= Yoy (Theo () @mbn) (6 — 00+ )

In other words,

fa(0) ® 9a(69)

Za_lf(r( +1)(9_9°)> ®Zb_’;<r( +1)(9_9°)a>®k

k=0 k=0

k

= 5702 (Zhico (X) @b ) (s 0 = 0007) ®)

IJIRSET © 2022 | AnISO 9001:2008 Certified Journal | 2020


http://www.ijirset.com/

International Journal of Innovative Research in Science, Engineering and Technology (IJIRSET)

ﬂ"’ﬁﬁ | e-ISSN: 2319-8753, p-ISSN: 2347-6710] wwWw.ijirset.com | Impact Factor: 7.569|
\J

IJIRSET | Volume 11, Issue 3, March 2022 ||
| DOI:10.15680/IJIRSET.2022.1103003 |

Definition 2.6 ([15]): Let0 < @ < 1, and f,(6%), g,(6%) be a-fractional analytic functions,

Fu0%) = 507t (0= 0% = 50 % (s 0 - 00)°) ©
92(0%) = B0t (0 = 0 = 50 2 (s (0 = 00)°) (10)
The compositions of f, (6%) and g,(6%) are defined as follows:
(fi © 9) (0% = £u(92(69) = Tio 2 (92 (69) %" (11)
and
(9o © )0 = go(fo(89) = Tio -} (fa(H“)) (12)

Definition 2.7 ([15]): Suppose that0 < a < 1.If f,(0%), g,(6%) are two a-fractional analytic functions satisfies

(fa © 9 (09) = (ga © fa)(09) = 6. (13)

l"(a+ 1)
Then we say these two fractional analytic functions are inverse to each other.

Theorem 2.8(chain rule for fractional derivatives)([15]): Suppose that 0 < a < 1,0, is a real number, and let
f2(09), g, (%) be a-fractional analytic functions. Then

oo (ol @ (e o) =

The followings are some fractional analytic functions

Definition 2.9([15]): Assume that 0 < @ < 1, and @ is a real variable. The a-fractional exponential function is defined

by

o Ok o 1 1 ®k
E,(6%) =Zk=om=2k=og( 9“) . (15)

I'(a+1)

The a-fractional logarithmic functionLn, (%) is the inverse function of the E,(68%). Furthermore, the a-fractional sine

and cosine function are defined as follows:
(~1)kg@k+Da

. @ _ v
sing (0%) = Xi=o r(2k+a+1)’ (16)
and

a o (_1)k92ka
€0, (0%) = Zk:oir‘(zka+1)' a7
Moreover,
sec, (6%) = (cosa(e"‘))@_1 (18)
is called the a-fractional secant function.
csc, (8%) = (sin,,l(t9"‘))®_1 (19)
is the a-fractional cosecant function.
tan, (0%) = siny(8%) ® sec,(0%) (20
is the a-fractional tangent function. And
cot,(8%) = cos,(6%) ® csc,(6%) (21)
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is the a-fractional cotangent function.
Proposition 2.10(fractional Euler’s formula)[17]: Let 0 < a < 1, then
E,(i0%) = cos,(0%) + isin,(6%). (22)

Remark 2.11: Ife = 1, we obtain the classicalEuler’s formulae’® = cos6 + isinf. On the other hand, the smallest
positive real number T, such that E, (iT,) = 1, is called the period of E,(i60%).

Theorem 2.12 ([16]): Suppose that0 < a < 1, then

[sing (09)]1%2% + [cos,(69)]®% =1, (23)
1+ [tan,(6%)]®? = [sec,(0%9)]%?, (24)
1+ [cot,(0%)]%? = [csc, (0%)]2. (25)

Theorem 2.13 ([18]): I 0 < a=1, then

0D [ cot:{an)] = |icsca(e‘""})3:, (29)
|:DD:J[ secﬂ(ﬁ“:l] = secc(ﬂa)t% mn“(e‘"‘}: (30)
|1CID":][ E‘SE‘G(GKJ] =— fscaliﬂa}l@ cor“(e“]_ (31)

In the following, we introduce inverse fractional trigonometric functions.

Definition 2.14: Let0 < a < 1.Then arcsin,(6%) is the inverse function of sin,(0%), and it is called inversea-
fractional sine function. arccos,(6%) is the inverse function of cos,(6%), and we say that it is the inversea-
fractionalcosine function. On the other hand, arctan,(6%) is the inverse function of tan,(6%), and it is called the
inverse a-fractional tangent function.arccotan,(6%) is the inverse function of cot,(6%), and we say that it is the
inverse a-fractional cotangent function. arcsec, (6%) is the inverse function of sec,(6%), and we say that it is the
inverse a-fractional secant function. arccsc,(0%) is the inverse function of csc,(6%), and it is called the inverse a-

fractional cosecant function.
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1II. MAJOR RESULTS
Theorem 3.1: Ler 0 < a=1. Then

('DD :)[arctm:“(ﬂa

) e e el

Proof Using chain rile for fractional derivatives and Theorem 213 vyields

(IDD:)[[:mu(arcsinu(ﬂan] ) i
= (OD;J sm“[:Bu:l](arcsiﬂu(B“][) & (UD:)[“"CSM,-_{EH}]
= cosa(m'rsma{ﬁﬁ)] & (DDE) amﬂﬂq(ea)]'

1
Mia+1)

cosﬂ(a.r‘csmﬂlzﬁa)) & ([}D:)[a:r'csr'nu(ﬁa}] = 1.

8" . 1t follows that

Since S:’n_(ﬂr'fsz'nﬂ{ﬁﬂ)) =

By Eq. (23), we obtain

cosg(arcsing (6%))
~ [1 ' , 1192 ®(3)
= [1 - [sing (arcsing, (69))] ]
1182 ®(3)
= [1 B [[‘(a+1)9 ] ] ' oY
Therefore,

l:ﬂ D:][mw!_nﬁ{anj] _ [1 B (.—.;+ . Bﬁ)@-:r |:_T'::.

(OD:)[casa(a?'ccosc(ﬁgn]
- (ODjj[casa(e‘*]][a?-ccosa(e“}i® (DD:)[arccasu(a‘*j]
= sin_(arceos (6%)) ® (005 | arceos (6)]
By r:osa(arccosa(ﬂﬂj) = ==6" . wehave
o sz’nr_(m‘f'cosﬁlzﬁaj) ® (DD:)[Q?'ccosal[ﬁa:l] =1

sz’na(ar‘f'cosﬂtsu:]) »
= [1 - [f‘asu[a?'ccosa(ﬁtj)]@:]
S

(DD:J[ar‘ccosﬁ(Bﬂ]] - [1 - {ﬁe“}@:r [_{:.

It follows that
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On the other hand,

(DD:}[(ana(m'::'mnu{B“)J] ) ) )
= [OD;J tanu(B“J][arc;ma{E"}J [ze] (DD;)[arctaﬂa(G“j]
— [seca(arctan:{ﬂﬂ:])] & (UD:J[m‘c‘tanu[Bu)] .

Bv Eqg. (24). we have

“2)
[ 1+ [tana(arctan_v__{ﬁd}J]E:lg} & ('DD:)[arctana(Bc}] = 1 (43}
Hence,
(GD:)[m-cmn:{e“)] = [1 + (ﬁe“}@:r o
In addition.
(DD:)[fora(m'ccora(ﬁajl
= (OD:J[cata(eujl](a?'ccotal{ea)) [24] (OD:J[m'ccotﬂ(Bﬁ)]
=— [csca(m‘ccotz(ed)]]@: & (GD:][ar'ccotﬂ(BHJ] . (44)
Using Eq. (25) yields
(DD;)[arccata(Ba:]] =— [1 + (__Iﬂl—'_l Bu)@er: 1_1}. Qed.
Theorem 3.2: Suppose that0 < a < 1, then

arcsing(6%) + arccos,(0%) = %“, (45)

arctan,(6%) + arccot,(0%) = %‘". (46)
Proof Since

(00 aresin, &) + ﬂf‘fffﬂiﬁ“)] B
={1 - (Fem Bajm] o —{1 - (= a“)zﬂ o

Ti{x+1)
= 0.
It follows that m‘fsz'n_(ﬁﬂjl + m'cmsﬂ{ﬁu} is 3 constant. Moreover, using arcsin_(0) = 0 and m‘c‘cosﬁ(D) = T vields
arcsin (0) + arccos (0) = T (47)
And hence,
m‘csina(ﬁ ) + arr:casa(ﬂ :I =—
On the other hand,

(GD:)[m'Ctana{g"jl + ajcfﬂtu( aa}] B
“[o e T ()T

= 0.
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Therefore, m‘ctmt_(ﬁ“) + m'cmtm(ﬁa} 15 also a constant. By arctm:u(l} = ‘T and arcmtﬁ(l} = JT we obtain
ﬂ?'Ct{IH:I:\E“]I + arcmta(ﬂ J =— Qed

Theorem 3.3: Ler 0 < a=1. Then

i .
I_;l
oz

(DI:] [l B (r-:r;rl:- BE)ECF 1= ﬂi‘f‘sz’nn{ﬂﬂ)__ (48)
[ i ) o
f [l + [:ml—-_. Bﬂ)azr {_l:}: ﬂrcmnai:ﬁa}: (50

- - (Df:) {1 + (__ — Ela)@:r - = arccot t:ﬁa). (51

4

Proof By Theorem 3.1, we have

o 6] o)1 - T | -

And hence,

[m:) {1 - (a5 E.a)@:r (-4)] = arcsin (8").

By Theorem 3.2, we immediately obtain

Lol ) e )

Moreover, using Theorem 3.1 yields

I 218 (—1
(GI:)[(DD:)[mrmn;{Bn}]] = (m:] 1+ (5 a“)@ ] (53)
Thus,
@2 & |—1}_
(DI:) {1 + (:.al—'_. B‘IJ } = m'f‘t‘ﬂﬂﬂ(ﬁu:] :

Again by Theorem 3.2, we can easily obtain

- J1® (—1)

T - (DI:) [1 + (_—.;.11—-_. BQJ@_} | = arccot (:Ea}_ Qed

41

IV.CONCLUSION

In this paper, we obtain some fractional derivative and integral formulas of inverse fractional trigonometric functions
based on Jumarie type of modified R-L fractional calculus and a new multiplication of fractional analytic functions.
These results are the same as those in traditional calculus. The main method we used is the chain rule for fractional
derivatives. Moreover, the new multiplication we defined is a natural operation of fractional analytic functions. In the
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future, we will make use of the chain rule for fractional derivatives and the new multiplication of fractional analytic
functions to study the problems in applied mathematics and fractional calculus.
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