
 

 

 

Volume 11, Issue 3, March 2022 

Impact Factor: 7.569 



International Journal of Innovative Research in Science, Engineering and Technology (IJIRSET) 

                   | e-ISSN: 2319-8753, p-ISSN: 2347-6710| www.ijirset.com | Impact Factor: 7.569| 

|| Volume 11, Issue 3, March 2022 || 

| DOI:10.15680/IJIRSET.2022.1103003 | 

 

IJIRSET © 2022                                                        |     An ISO 9001:2008 Certified Journal   |                                                2019 

 

Study of Inverse Fractional Trigonometric 
Functions 

Chii-Huei Yu 

Associate Professor, School of Mathematics and Statistics, Zhaoqing University, Guangdong, China 

 

ABSTRACT: The purpose of this paper is to study inverse fractional trigonometric functions. Based on Jumarie′s 
modified Riemann-Liouville (R-L) fractional calculus and a new multiplication of fractional analytic functions, some 

fractional derivative and integral formulas of inverse fractional trigonometric functions are obtained. These results we 

obtained are the same as those in classical calculus. The chain rule for fractional derivatives plays an important role in 

this study. On the other hand, the new multiplication we defined is a natural operation of fractional analytic functions.  
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I. INTRODUCTION 

 

Fractional calculus is a research hotspot in recent years. The application of fractional calculus in many fields such as 

numerical analysis, physics and engineering has aroused great interest [1-11].In the first half of the 19th century,Abel, 

Liouville and Riemann correctly introduced fractional integral and derivative in the analysis. However, the use of 

generalized differential and integral operators became more familiar in the last decades of the 19th century because of 

the symbolic calculus of Heaviside and the work of mathematicians such as Hadamard, Hardy and Littlewood, M. 

Riesz, and H. Weyl. 

In this paper, the properties of inverse fractional trigonometric functions are studied. Based on Jumarie type of 

modified R-L fractional calculus and a new multiplication of fractional analytic functions, we obtain several fractional 

derivative and fractional integral formulas of inverse fractional trigonometric functions. The main method used in this 

paper is the chain rule for fractional derivatives. In fact, our results are similar to those in traditional calculus. 

Moreover, the new multiplication is a natural operation of fractional analytic functions. 

 

II. DEFINITIONS AND PROPERTIES 
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Proposition 2.2 ([13]): If𝛼, 𝛽, 𝐶  are real numbers and 𝛽 ≥ 𝛼 > 0, then  

 

In the following, we define a new multiplication of fractional analytic functions. 

Definition 2.5([12]): Suppose that0 < 𝛼 ≤ 1, and 𝜃0 is a real number. If𝑓𝛼(𝜃𝛼) and𝑔𝛼(𝜃𝛼) are two 𝛼-fractional 

analytic functions,                                              𝑓𝛼(𝜃𝛼) = ∑ 𝑎𝑘Γ(𝑘𝛼+1) (𝜃 − 𝜃0)𝑘𝛼 = ∑ 𝑎𝑘𝑘! ( 1Γ(𝛼+1) (𝜃 − 𝜃0)𝛼)⨂𝑘∞𝑘=0∞𝑘=0 ,                              (5) 

𝑔𝛼(𝜃𝛼) = ∑ 𝑏𝑘Γ(𝑘𝛼+1) (𝜃 − 𝜃0)𝑘𝛼 = ∑ 𝑏𝑘𝑘! ( 1Γ(𝛼+1) (𝜃 − 𝜃0)𝛼)⨂𝑘 .∞𝑘=0∞𝑘=0                      (6) 

Then we define 𝑓𝛼(𝜃𝛼) ⊗ 𝑔𝛼(𝜃𝛼) 

= ∑ 𝑎𝑘Γ(𝑘𝛼 + 1) (𝜃 − 𝜃0)𝑘𝛼∞
𝑘=0 ⊗ ∑ 𝑏𝑘Γ(𝑘𝛼 + 1) (𝜃 − 𝜃0)𝑘𝛼∞

𝑘=0  

                                                                    = ∑ 1Γ(𝑘𝛼+1) (∑ ( 𝑘𝑚) 𝑎𝑘−𝑚𝑏𝑚𝑘𝑚=0 )∞𝑘=0 (𝜃 − 𝜃0)𝑘𝛼 .                                    (7) 

In other words, 𝑓𝛼(𝜃𝛼) ⊗ 𝑔𝛼(𝜃𝛼) 

                                                     = ∑ 𝑎𝑘𝑘! ( 1Γ(𝛼 + 1) (𝜃 − 𝜃0)𝛼)⨂𝑘∞
𝑘=0 ⊗ ∑ 𝑏𝑘𝑘! ( 1Γ(𝛼 + 1) (𝜃 − 𝜃0)𝛼)⨂𝑘∞

𝑘=0  

                                                     = ∑ 1𝑘! (∑ ( 𝑘𝑚) 𝑎𝑘−𝑚𝑏𝑚𝑘𝑚=0 )∞𝑘=0 ( 1Γ(𝛼+1) (𝜃 − 𝜃0)𝛼)⨂𝑘
 .                                  (8) 
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Definition 2.6 ([15]): Let0 < 𝛼 ≤ 1, and 𝑓𝛼(𝜃𝛼), 𝑔𝛼(𝜃𝛼) be 𝛼-fractional analytic functions,                                              𝑓𝛼(𝜃𝛼) = ∑ 𝑎𝑘Γ(𝑘𝛼+1) (𝜃 − 𝜃0)𝑘𝛼 = ∑ 𝑎𝑘𝑘! ( 1Γ(𝛼+1) (𝜃 − 𝜃0)𝛼)⨂𝑘∞𝑘=0∞𝑘=0  ,          (9) 

𝑔𝛼(𝜃𝛼) = ∑ 𝑏𝑘Γ(𝑘𝛼+1) (𝜃 − 𝜃0)𝑘𝛼 = ∑ 𝑏𝑘𝑘! ( 1Γ(𝛼+1) (𝜃 − 𝜃0)𝛼)⨂𝑘 .∞𝑘=0∞𝑘=0                                      (10) 

The compositions of 𝑓𝛼(𝜃𝛼) and 𝑔𝛼(𝜃𝛼) are defined as follows: (𝑓𝛼 ∘ 𝑔𝛼)(𝜃𝛼) = 𝑓𝛼(𝑔𝛼(𝜃𝛼)) = ∑ 𝑎𝑘𝑘! (𝑔𝛼(𝜃𝛼))⨂𝑘∞𝑘=0 ,                                                        (11) 

and (𝑔𝛼 ∘ 𝑓𝛼)(𝜃𝛼) = 𝑔𝛼(𝑓𝛼(𝜃𝛼)) = ∑ 𝑏𝑘𝑘! (𝑓𝛼(𝜃𝛼))⨂𝑘∞𝑘=0 .                                                                                                (12) 

Definition 2.7 ([15]): Suppose that0 < 𝛼 ≤ 1. If  𝑓𝛼(𝜃𝛼), 𝑔𝛼(𝜃𝛼) are two 𝛼-fractional analytic functions satisfies (𝑓𝛼 ∘ 𝑔𝛼)(𝜃𝛼) = (𝑔𝛼 ∘ 𝑓𝛼)(𝜃𝛼) = 1Γ(𝛼+1) 𝜃𝛼.                                                           (13) 

Then we say these two fractional analytic functions are inverse to each other. 

Theorem 2.8(chain rule for fractional derivatives)([15]): Suppose that  0 < 𝛼 ≤ 1, 𝜃0 is a real number, and let   𝑓𝛼(𝜃𝛼), 𝑔𝛼(𝜃𝛼) be 𝛼-fractional analytic functions. Then 

 
The followings are some fractional analytic functions 

Definition 2.9([15]): Assume that 0 < 𝛼 ≤ 1 , and 𝜃 is a real variable. The 𝛼-fractional exponential function is defined 

by 𝐸𝛼(𝜃𝛼) = ∑ 𝜃𝑘𝛼Γ(𝑘𝛼+1) = ∑ 1𝑘! ( 1Γ(𝛼+1) 𝜃𝛼)⨂𝑘 .∞𝑘=0∞𝑘=0                (15) 

The 𝛼-fractional logarithmic function𝐿𝑛𝛼(𝜃𝛼) is the inverse function of the 𝐸𝛼(𝜃𝛼). Furthermore, the 𝛼-fractional sine 

and cosine function are defined as follows: 𝑠𝑖𝑛𝛼(𝜃𝛼) = ∑ (−1)𝑘𝜃(2𝑘+1)𝛼Γ((2𝑘+1)𝛼+1)∞𝑘=0 ,                                  (16) 

and 𝑐𝑜𝑠𝛼(𝜃𝛼) = ∑ (−1)𝑘𝜃2𝑘𝛼Γ(2𝑘𝛼+1)∞𝑘=0 .                                            (17) 

Moreover, 𝑠𝑒𝑐𝛼(𝜃𝛼) = (𝑐𝑜𝑠𝛼(𝜃𝛼))⊗−1
                    (18) 

is called the 𝛼-fractional secant function. 𝑐𝑠𝑐𝛼(𝜃𝛼) = (𝑠𝑖𝑛𝛼(𝜃𝛼))⊗−1
                        (19) 

is the 𝛼-fractional cosecant function. 𝑡𝑎𝑛𝛼(𝜃𝛼) = 𝑠𝑖𝑛𝛼(𝜃𝛼) ⊗ 𝑠𝑒𝑐𝛼(𝜃𝛼)                      (20) 

is the 𝛼-fractional tangent function. And 𝑐𝑜𝑡𝛼(𝜃𝛼) = 𝑐𝑜𝑠𝛼(𝜃𝛼) ⊗ 𝑐𝑠𝑐𝛼(𝜃𝛼)                         (21) 
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is the 𝛼-fractional cotangent function. 

Proposition 2.10(fractional Euler’s formula)[17]: Let 0 < 𝛼 ≤ 1, then 𝐸𝛼(𝑖𝜃𝛼) = 𝑐𝑜𝑠𝛼(𝜃𝛼) + 𝑖𝑠𝑖𝑛𝛼(𝜃𝛼).                       (22) 
 

Remark 2.11: If𝛼 = 1, we obtain the classicalEuler’s formula𝑒𝑖𝜃 = 𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃. On the other hand, the smallest 

positive real number 𝑇𝛼 such that 𝐸𝛼(𝑖𝑇𝛼) = 1, is called the period of 𝐸𝛼(𝑖𝜃𝛼). 

Theorem 2.12 ([16]): Suppose that0 < 𝛼 ≤ 1, then [𝑠𝑖𝑛𝛼(𝜃𝛼)]⨂2 + [𝑐𝑜𝑠𝛼(𝜃𝛼)]⨂2 = 1,                                       (23)                                                                          1 + [𝑡𝑎𝑛𝛼(𝜃𝛼)]⊗2 = [𝑠𝑒𝑐𝛼(𝜃𝛼)]⨂2,                                         (24) 1 + [𝑐𝑜𝑡𝛼(𝜃𝛼)]⊗2 = [𝑐𝑠𝑐𝛼(𝜃𝛼)]⊗2.                                                       (25) 

In the following, we introduce inverse fractional trigonometric functions. 

Definition 2.14: Let0 < 𝛼 ≤ 1.Then 𝑎𝑟𝑐𝑠𝑖𝑛𝛼(𝜃𝛼) is the inverse function of 𝑠𝑖𝑛𝛼(𝜃𝛼), and it is called inverse𝛼-

fractional sine function. 𝑎𝑟𝑐𝑐𝑜𝑠𝛼(𝜃𝛼) is the inverse function of 𝑐𝑜𝑠𝛼(𝜃𝛼), and we say that it is the inverse𝛼-

fractionalcosine function. On the other hand, 𝑎𝑟𝑐𝑡𝑎𝑛𝛼(𝜃𝛼) is the inverse function of 𝑡𝑎𝑛𝛼(𝜃𝛼), and it is called the 

inverse 𝛼-fractional tangent function.𝑎𝑟𝑐𝑐𝑜𝑡𝑎𝑛𝛼(𝜃𝛼) is the inverse function of 𝑐𝑜𝑡𝛼(𝜃𝛼), and we say that it is the 

inverse 𝛼-fractional cotangent function. 𝑎𝑟𝑐𝑠𝑒𝑐𝛼(𝜃𝛼) is the inverse function of 𝑠𝑒𝑐𝛼(𝜃𝛼), and we say that it is the 

inverse 𝛼-fractional secant function. 𝑎𝑟𝑐𝑐𝑠𝑐𝛼(𝜃𝛼) is the inverse function of 𝑐𝑠𝑐𝛼(𝜃𝛼), and it is called the inverse 𝛼-

fractional cosecant function.  
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III. MAJOR RESULTS 

By Eq. (23), we obtain                                                                           𝑐𝑜𝑠𝛼(𝑎𝑟𝑐𝑠𝑖𝑛𝛼(𝜃𝛼)) = [1 − [𝑠𝑖𝑛𝛼(𝑎𝑟𝑐𝑠𝑖𝑛𝛼(𝜃𝛼))]⨂2]⨂(12)
 = [1 − [ 1Γ(𝛼+1) 𝜃𝛼]⨂2]⨂(12)

.                             (38) 

Therefore, 
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Theorem 3.2: Suppose that0 < 𝛼 ≤ 1, then                                                                           𝑎𝑟𝑐𝑠𝑖𝑛𝛼(𝜃𝛼) + 𝑎𝑟𝑐𝑐𝑜𝑠𝛼(𝜃𝛼) = 𝑇𝛼4 ,               (45)                                                                           𝑎𝑟𝑐𝑡𝑎𝑛𝛼(𝜃𝛼) + 𝑎𝑟𝑐𝑐𝑜𝑡𝛼(𝜃𝛼) = 𝑇𝛼4 .                                                      (46) 
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IV. CONCLUSION 

 

In this paper, we obtain some fractional derivative and integral formulas of inverse fractional trigonometric functions 

based on Jumarie type of modified R-L fractional calculus and a new multiplication of fractional analytic functions. 

These results are the same as those in traditional calculus. The main method we used is the chain rule for fractional 

derivatives. Moreover, the new multiplication we defined is a natural operation of fractional analytic functions. In the 
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future, we will make use of the chain rule for fractional derivatives and the new multiplication of fractional analytic 

functions to study the problems in applied mathematics and fractional calculus. 
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