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ABSTRACT: This paper is devoted to the study of fractional calculus with an integral and differential operators
containing the following family of extended Mittag—Leffler function:

v.8;¢cd /. _ <o Bp(y+nc-y)Bg(8+nd-8) (Onp(dnq ﬂ
E o (z b, q) = Zn=o Bp(v.c—v) Bq(8,d-8) T(an+pB) n!

in its kernel. Also, we further introduce a certain number of consequences of fractional integral and differential

operators containing the said function in their kernels.

KEYWORDS: Fractional integral operator , Fractional differential operator , Mittag—Leffler function , Lebesgue

measurable function, Extended Mittag—Leffler function.

I. INTRODUCTION

The Mittag-Leffler functions appear in special functions as a solution of fractional order integral and
differential equations. Some interesting applications of the Mittag Leffler function are considered as
follows: studied of kinetic equation, the telegraph equations [5], random walks, Levy flights, supper diffuse
transport and complex system.

We begin with the Mittag-Leffler functions E,(z) and E g (z) are defined by the following series:

E.(z) = 22, m z € CGR(x) >0 (1.1.1)
and
Eqp(2) = 2520 m z,B € GR(@) > 0, (1.1.2)

respectively. For further study of Mittag-Leffler function such as generalizations and applications , the
readers may refer to the current work of researchers (for example) Dzrbasjan [7], Kilbas and Saigo [15],
Gorenflo and Mainardi [8] , Gorenflo et al. ([9,11]), Kilbas et al. ([16], and Saigo and Kilbas [22]. In recent
years, the Mittag-Leffler function (1.1.1) and some of its variety of generalizations have been numerically
investigated in the complex plane (see [14,24]). A generalization of the Mittag-Leffler function E, g (z) of
(1.1.2) was introduced by Prabhakar [20] as follows:

[oe] ( )]’l n
Evg (@) = I m z,B € C;R(a) > 0, (1.1.3)
where (y), denote the well-known Pochhammer Symbol which is defined by

1, when (n =0,y #0)

on = {y(y +1D..(y+n-1), when (n € N,y € C)
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Obviously, the following special cases are satisfied:
Egp (2) = Eqp (2) = Eg1(2) = Eq(2). (1.14)
Diaz and Pariguan [see nisar (k, s) fractional calculas] have introduced the Pochhammer p —symbols and
p —Gamma function defined as follows
1, when (n = 0,y # 0)
Wnp = {y (v + p)..(y +(n- 1)p),when(n € N,y € C,p>0)
And
tP
T,(y) = fom t¥~le p dt
In recent times many researchers have investigated the importance and great consideration of Mittag-
Leffler function in the theory of special functions for exploring the generalization and some applications.
Many extensions for these functions are found in [1-4,10]. Srivastava and Tomovski [25] have defined
further generalization of the Mittag-Leffler function EZ[_B (z) of (3), which is defined as follows:
Egp () = Zilo r(g;’l“g)i_! ' .
where z,8,y € C;R(a) > max{0,R(kx) — 1}; R(x) > 0.
In the same paper, they have used the well-known right-sided Riemann-Liouville fractional integral,
derivative and generalized Riemann-Liouville derivative operators (see [12,13,16,23]).Very recently
Ozarslan and Yilmaz [19] have investigated an extended Mittag-Leffler function EYXE (z; p), which is

defined as follows:

Y.C (.. _ yoo Bply+nc-y) (on 2z"
Eep (z p) =25k, Byc—7) Temsp) mi’ (1.1.6)

wherep = 0,R(c) > R(y) > 0and By(x,y) is extended beta function defined in [6] as follows:
D
By(xy) = [, 11 — 7 let Ve (1.1.7)
forR(p) > 0,R(x) > 0andR(y) > 0.In the same paper, they defined the following result for the
extended Mittag-Leffler function (1.1.6) as follows:

A\, 1oy ey
(£) (A ELs(wz% p) = 22" ELS | (02 p). (1.1.8)

In this continuation of the study on the significance of fractional calculus, we start with the following

preliminaries:

In this paper we investigated an extended Mittag-Leffler function E‘;,SB;C’d (z; p,q), which is defined as

follows:
v.6;cd (. _ voo Bp(Y+nvC_Y) Bq(5 +n,d-6) (C)np(d)nq i
Eeg” @p ) =ZIno Bp(vc—v) Bq®d—8) T(an+p) nl’

where p,q = 0,R(c) > R(y) > 0, R() > R() >0 and By(x,y) and By(x,y) are extended beta
function defined as follows,

__pP
By(x,y) = J, 71 (1 - Y le D dt

(1.1.9)

And
-9
By(x,y) = [, £7(1 - )/ 1e D dt
For R(p) > 0, R(x) > 0and R(y) > 0.
Remark 1.1.1: It should be noted that,
Etp(z11) =Ey; (@) = EG (1) =EL,(2) = Eqy = Eq(2)
(1.19) = (1.16) = (1.1.3) = (1.1.2) = (1.1.1.)
Or
(1.19) = (1.1.5) = (1.13) = (1.1.2) = (1.1.1)
L(a,b) is the space of Lebesgue measurable of real or complex valued function if it is defined as
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L(a,b) = (f: £l = [ feodx < oo) . (1.1.10)

The left- and right-sided Riemann-Liouville fractional integral operators I2, and 117)‘_ are, respectively,
defined as (see, e.g., [16]) follows:

f
(12, ) = m) IR (T_Sl)_* dt, (x > a), (1.1.11)
and
A b f(1)
(- f)® —ﬁ \ ogiE dn(x < D), (1.1.12)

where f (x) € L(a,b),A € Cand R(A) > 0.
Similarly, for f(x) € L(a,b),A € C,R(A) > 0Oandn = [R(A)] + 1, the left- and right-sided Riemann-
Liouville fractional differential are defined as (see, e.g., [16])follows:

d

n
(D ) = (5) (3, (1.1.13)
(02 1) = (-2)" (124) 0, (1.1.14)
respectively.
A generalized form of fractional differential operator DA, (1.1.13) has been made by investigating the
fractional differential operator Da+ oforder 0 < 4 < landtype0 < v < 1 withrespectto x as follows:

X )6 = (L G ) 9 (1.1.15)
(see [23], [16], [21]). Obviously, when v = 0 then (1.1.15) reduces to the operator D2, defined in (1.1.12).

We consider the following basic results for our study:
Theorem 1.1.2 (Mathai and Haubold [17]) IfA,p € C, R(A) > 0, R(w) > O, then

_ r(w) —
At — art =1"(7\—l+lu) (x — a)Mr 1, (1.1.16)

Theorem 1.1.3 (Srivatava and Manocha [26]) If a function is f(z)is analytic and has a power series
expansion such that f (z) = Z;L,a, z" in the disc |z] < R, then

A p—-1 — r(w o anWn _n
Doz ()} = o s s Gy 2 (1.1.17)

Lemma 1.1.4 (Srivastava and Tomovski [25]) The following result holds true for fractional derivative

operator D} fas follows:

DMY[(r — a)f ]G0 = Q%@—@Hﬂ (1.1.18)

wherex > 3,0 < 1 < 1,0 <v < 1L,R(B) > 0and R(A) > 0.

II. AN INTEGRAL AND DIFFERENTIAL OPERATORS INVOLVING THE EXTENDED MITTAG-
LEFFLER FUNCTION
In this section, we introduce fractional integrals and differentials of the extended Mittag-Leffler functions

Ey6 ed (z; p,q). In this continuation of the study of fractional calculus, we define the following integral

operator as follows:
Definition 2.1.1If y,w € C,R(a) > 0,R(B) > O, then

(22t f) () = [Xx — DFEL Y (w(x — D% poa) f(T)dr, (1.1.19)

a+;0,3

where x > a. Substitutingp = q = 0, then (1.1.19) reduces to the operator
(am”_"s f) (x) = f:(x - T)B‘lEﬁB(w(x - DY f(r) dr, (1.1.20)

a+;a,3
see [25]. In fact, when w = 0 then the integral operator in (1.1.20) reduces to the well known Riemann-
Liouville fractional integral operator I2, defined in (1.1.11).

Theorem 2.2.2 Suppose x > a(a e R, = [0, 00)),y,6,7\, Bw € C RP) > 0,RA) > 0; then

1JIRSET©2023 | AnISO 9001:2008 Certified Journal | 1027


http://www.ijirset.com/

International Journal of Innovative Research in Science, Engineering and Technology (IJIRSET)

)
ﬂ—j‘g.q' |e-ISSN: 2319-8753, p-ISSN: 2347-6710| www.ijirset.com | Impact Factor: 8.118] A Monthly Peer Reviewed & Referred Journal |
\

|| Volume 12, Issue 2, February 2023 ||

| DOI:10.15680/IJIRSET.2023.1202050 |

IA+ [(T_ a)B—lEZ:g;c,d (w(r— a)a;p' q)] x) = (x — a)“B lEygf}\d((m(x —a)%;p, q)

(1.1.21)
- ,85¢,d §;cd
D2, [(r — P EXS  (w(r — )% p,a)] = (x — P AEXS S (0 (x — 2)%p,q)
(1.1.22)
and
Av _ \B-1pVvs;cd _oa\a. _ _ B-A-1gV.8;cd .
Dy, [(T a) Eop (w(t — a) ,p,q)] x) = (x—a) Epia (w(x — a)%p,q). (1.1.23)
Proof
p-1 y8 ;ed a 1 x (T—H)B 1EY&Cd(m(T—a)"‘pq)
[(T_ a) (‘”(T_ a) p, q)] ™™ x—D1 % dr
_ 1 o Bp(y+nc—y)Bg(8+n,d-8)()np(dnqo™
" T(WBp(y.c—y)Bq(6d-8) “N=0 ['(an + p)n!
X fOX(‘t — a)fran-1(x — A1 gt
_ 1 w Bp(y+nc—y)Bq(6+nd-58)(np(dnqw™
_Bp(y,c—y)Bq(S,d—S) n=0 I'(an + B)n!
x (12, [(x = a)fran-1]),
By the use of (1.1.16), we have
B-1 5 d o
[(T— a). EVp© ((D(T— a); p,q)]
_ 1 w Bp(y+nc—y)Bq(8+nd-58)(np(dnqo™ (x — a)B+7L+0m—1 I'(an + B)

- Bp(v.c - Y)Bq(8,d-8) n=0 I'(an + B)n! T(an + B +2A)
Bp(y +nc-y)Bg(8§+1nd-68) (np(dnq [w(x-a)*"

B (yc—y)Bq(Sd §) F(an+ B +2) n!

(X _ a)B+)\—1 Z;o=0

= (x — a)f+r- 1EY8+}\ (w(x — a)%p,q).
This completes the proof of (1.1.21).
Now, we have

DX [ — P B S (o — A% p.0)] = () 1 [0 — P E S (ot — 2% p, )
and using (1.1.21) this takes the following form:

B-1_y,8:cd « d\" 8 5c,d
DA, [(T— a) EY i (w(‘t— a) ;p,q)] = (&) {(x — a)fAmmigl _cMn(oo(x — a)~ p,q)}
Applying (1.1.9), we have
—1nv8;cd A-—1pVv.8icd
DA, [(T — a)k 1EZ‘_B “UYw(t — a)% ¢ d)] (x)= (x — a)f2 1El‘3_c;\ (w(x — a)%p,q).
This completes the desired proof.
To prove (1.1.23), we have
(02 [ - 2P ELS Y — D% p,9)]) @
AV Bp(y +nc—-vy)Bg(8+nd _5)(C)np(d)nq(ﬂ_n _ an+p-1 )
= Da ([Z Bp(Y.c—v)Bq(8,d—8)(an+p)  n! (t -2 ] )

_ woo Bp(y+nc-vy)Bq(§+nd 8)(c)np(d)nqw _ an+p-1
= Ino Bp (Y,c — Y)Bq(8,d- 8 )T (an + ) (D [ -2 1) 0.

By applying (1.1.18), we get

(D3 [ = P B et — D% p,)])
Bp(y +nc—y)Bq(8 +nd -8)(A)np(dng @”  T(an +p) (x — a)an+B—A—1
Bp(y.c — y)Bq(8,d— 8 )T(an + B) n! ‘T(an+p-2)
Bp(y +n,c - y)Bg(8 + n,d =8)()np(d)ng [w(x — a)*]"
B (yc—y)Bq(Bd—B)F(an+B—A) n!

_ yoo
= Znso

(x — a)f 215,

8;cd
= (x - DFMIES (0 x — 2)%p,q),

which completes the required proof.
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1. Some properties of the operator (s“’;‘,{'s cdg ) (%)

a+;a,
Theorem 2.3.1Ify,w € C,R(a) > 0,R(PB) > 0,RA) > 0and R(B) > 0, then
(2o = * 1) (0 = (x — A)®FDIELS S (w(x — a)*;p,q) f(r)dr. (1.1.24)

Proof From (1.1.19)
(0ot e) (o) = [Xx = DPELS Y (w(x — D% p,q) £(1) dr.
Therefore, we have
(e2m2 e = 1) (9 = [{&x = DP A — ) EL Yok — DY pa) dr

Bp(y +1n,c-v)Bq(8 +n,d -8 )(c)np(dng " _ p-1(y _ —\B+an—1
Bp(yc—y)Bq(Sd 8 )I(an + B) (f(‘[ a) (X T) dT)
Bp(y +n,c-v)Bq(8 +n,d -8 )(c)np(d)nq [

=32,

0 txn+[3 _ p—1
Zno Bp (Y. — v )Bq(8,d— 8 )T'(an + B) o [(r = "]
= (x — a)ftr-1 3= Bp(y + n,c - y)Bq(8 +1n,d =8)(0)np(Dng [w(x — a)*]" T(WT(an + B)
- n=0 Bp(v.c - ¥)Bq(8,d— 8)I'(an + B) n! T(an + B + 1)
_ ,6;¢,d
= (x — P "I EYpis (0(x — a)%p,q).

This completes the desired proof. _
Theorem 23.21fY, o, B,w,c € C,R(@) > 0,R(B) > 0,%(c) > 0, then | s“”Y_"*;‘*“‘<p||1 < Bll¢ll,, where

a+;0,3

)R(B) © BP(Y+n'C‘Y)BCl(S"'n'd_S)l(c)nP”(d)nql |m(b—a)a| (1 1 25)

B= (b-a =0 B, (v.c-Y)Bq(8.d-8)(an + HRB+R@n)  n!

Proof From (1.1.19) and (1.1.10) and by changing the order of integration by using the Dirichlet formula

[18], we have
ek — D%p,Qe(r) dr| dx

b[ b - ,85¢,d
< P[P - OROELS Y (wx — D% p,)| dx ]| le(ldr.
Substituting (x — T) = u, we obtain

= [ wre

€

w;y,8 ;¢c,d
a+;o,B

,85¢,d
EXS (0% p, @) du | lo@]dr.
After simplification, we have

b-a

wv.8;cd b|cw Bp(y+nc—v)Bq(+nd=58)|(np|l(dng| l0™| (ReB+R(0n
|£a+za,B ” =/ [Z“ 0 B, (yc— y)Bq(B.d— 5)r(an+p) n! ( R(B)+R(@n )0 le(m] dr.
This can also be written as
| w;y,8;c,d ||

a+aB

(b- a)R(B)Z B (Y + n,c- Y)B (6 + nd- 8)|(C)np||(d)nq| [w(b —a)*" f lo(D)] dt
"B (y,c- Y)Bq(5,d— 8)(an+ BREP) + R(@n)  nl ®

= Bllol,

where
- - a)R(B)Z Bp(y +n,c-v)Bq(8+n,d-8)|()npl||(dng] Iw(b—a)“lnl (1.1.26)

n=0 B, (y,c - ¥)Bg(8,d— 8)I'(an + B)(R(B)+ R(c)n) n!
This completes the desired proof.
Theorem 2.3.3IfA,y,a,fw € C, R(ax) > 0,R(P) > 0,R(y) > 0,R(A) > 0Oandx > a, then

(12 [y e]) o = (e e) 00 = (e 1 £1) 00 (1127)
holds for any function f € L(a, f3).
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Proof From (1.1.19) and (1.1.11), we have
A w;y,8;¢,d _ X a+qB f)(T)
(Ia+ [£a+:aB fD() F(x) x-DtH dr
B-1_.y8;cd «
r(x)f (x — DM x {f;(‘t— u)” Eyg” (oo(‘r— u) ;p,q)f(u)du} dt
By interchanging the order of integration and applying the Dirichlet formula [19], we have
(2, [eemer]) 0 = [ o & = DAY (r = WPELF (o = W% p,a) dr] f(wdu.
Substituting (t — u) = p, we obtain
(1 ke ]) 00 = [ o (x- u- )" 0P EL (@) p, @) dp] f (w)du
= [ T @B @)% ) = u = ' dp] Fwdu.  (1.128)
By the use of (1.1.11) and applying (1.1.21), we get
(12 [0 ) 60 = [ [P EL 5 (@)% p, @) f(w)du
= fax(x - u)“ﬁ'lEZ"_gf}’\d(w(x - w)%p,q) f(wdu ;
thus, we get
;7,6 ;¢,d ;7,6 ;¢,d
(1, [eomeec £]) o = (eoried £) (o, (1.1.29)

this is the required proof of (1.1.27).
To prove the second part, we begin from the right-hand side of (1.1.27) and using (1.1.19), we have
(20259012, £1) 0 = [X(x = DF B (wx — D% p, @[, FI(r) de
— v.8;¢d T f(w
= fa Eyg (0(x — D%p,q) (TA) 2 GowE du) dr.
By interchanging the order of integration and using the Dirichlet formula [18], we obtain
(s‘;’fﬁéad[l;@ f]) ®=[, F(x) [f x — DF (Tt — WM 1Est “Uwx — 1%p,q) dr] x f(u)du.
Substituting (x — 1) =
,8;50d §;cd
(Eaiap 12 +)f1)(x) =i [fx (PP — p = WAELS Y (@(p)% p,@)(—dp) | X f(u)du

= L [T 0P - p - w) TEE @) poa)dp | X f(u)du.
Again by making use of (1.1.11) and applying (1.1.21), we get

(i 13 £1) G0 = (enegia ) £00.
Thus (1.1.29) and (1.1.30) complete the desired proof of (1.1.27).

III. SPECIAL CASES
Ifweputd =q =1 in Theorem 2. 2.2 then we get following result.
Theorem 2.4.1 Supposex > a(a € R, = [0,2)),y,AB,w € C, R(B) > 0,R(A) > 0; then

I [ = FEN (0 — 5P| () = (x — MPIEVG, (0(x — @)%)5p
DA, [ — a)f- 1E”(m(r - %p)]| = (x — P AIELE, (0(x — )% p)
and
DY [(r = @F L (0( — 4P| () = (x — P AIELG, (w(x — a)%p).
Ifweputy=p=8 =q=1 intheorem 2.2.2 then we get following result.
Theorem 2.4.2 Suppose x > a(a € R, = [0, 00)),y,7\, B,w € C R(PB) > 0,RA) > 0;then
M@ = AP Egglo(t — 9]0 = (x — )M Egga(wx — a)%)
DA [(t — a)f Egglw(t — a))] = (x — a)f M Egp i (0(x — a)%)
and

IJIRSET©2023 | AnISO 9001:2008 Certified Journal | 1030


http://www.ijirset.com/

International Journal of Innovative Research in Science, Engineering and Technology (IJIRSET)

"1;‘-
ﬂ'\ SV |e-ISSN: 2319-8753, p-ISSN: 2347-6710| www.ijirset.com | Impact Factor: 8.118] A Monthly Peer Reviewed & Referred Journal |
[\ \

E || Volume 12, Issue 2, February 2023 ||

| DOI:10.15680/I1JIRSET.2023.1202050 |

Diy [(t = F Egp(w(t — a))]() = (x — a)fF A Egp s (w(x — a)%).
If we take § = d = 1 in Definition 2.1.1then we get the following definition

Definition 2.4.3 Ify,w € C,R(ax) > 0,R(B) > O, then
( Eariap | )(x) f (x — )P EY) g (@& — D% p) f(T)dr,
wherex > a. Substltutlng p = 0, then (19) reduces to the operator
(£, F) 0 = [1Gx = DFEL (0(x — D9 (r) dr,
If wetakey = c = 8 = d = 1 in Definition 2.1.1then we get the following definition
Definition 2.4.4 Ify,w € C,R(a) > 0,R(B) > 0, then
(2 F)® = [[x — DPF ' Ep(x — DO f(t)dr
If we take § = d = 1 in Definition 2.3.1 then we get the following results
Theorem 2.4.5 Ify,w € C,R(ax) > 0,R(B) > 0,RA) > 0and R(B) > O, then
(erisl(r — ") () = (x — AP DIQELS,, (w(x — a)*;p) f(T)dr.
Ifwetakey = ¢ =8 = d = 1in Theorem 2.3.2 then we get the following results
Theorem 2.4.6 Ify,w € C,R(a) > 0,R(P) > 0,R(A) > 0and R(B) > 0, then
(2 aplr — D@ = (x = A)EFDI(E g (0(x — a)*) F(T)dr.
If we take § = d = 1 in Theorem 2.3.2 then we get the following results
Theorem 2.4.7 If y,a, B, w,c € C,R(a) > 0,R(B) > 0,R(c) > 0, then

| exicse]|, < Bliell,
where
= (b — 2)R®x Bp(y +n,c = y)|(©)np| lw(b —a)*|"

"=0Bp(y.c - y)I(an + BR(B)+R(@n)  n!
Ifwetakey = c =68 = d = 1in Theorem 2.3.2 then we get the following results
Theorem 2.4.8 IfA,y,o,B,w € C, R(a) > 0,R(B) > 0,R(y) > 0,R(A) > 0andx > a, then

(I +[£a+ ;a,B ])(X) - (sa+ ;oL,B+p f)(X) - (£a+ aB[I f])(X)
holds for any function f € L(a, f3).
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