e-ISSN: 2319-8753 | p-ISSN: 2347-6710

International Journal of Innovative Research in
SCIENCE | ENGINEERING | TECHNOLOGY

INTERNATIONAL JI,lURNl!I.
OF INNOVATIVE RESEARCH

IN SCIENCE | ENGINEERING | TECHNOLOGY

Volume 12, Issue 1, January 2023

‘ ‘l.\TERNATlONAL
STANDARD
.\ \smm Impact Factor: 8.118

NUMBER
INDIA

0 9940572 462 (O 6381907 438 = ijirset@gmail.com . www.ijirset.com



International Journal of Innovative Research in Science, Engineering and Technology (IJIRSET)
- )
)‘48 |le-ISSN: 2319-8753, p-ISSN: 2347-6710] www.ijirset.com | Impact Factor: 8.118] A Monthly Peer Reviewed & Referred Journal |
),

[| Volume 12, Issue 1, January 2023 ||

| DOI:10.15680/1JIRSET.2023.1201100 |

APPLICATIONS OF LINEAR
TRANSFORMATIONS

Ms. Reetu
M.sc mathematics, CSIR-UGC NET
Assistant professor, C.R.S.U., JIND

ABSTRACT

In this paper, we applied linear transformations in the graph theory. Firstly, we constructed vector
spaces of a finite number of elements over the field = {0,1}.Then we used them to construct
linear transformations (in fact linear operators), defined on each of the vector spaces of the degrees
of the vertices;( D, +, .v ); the vector space of the vertices;( ¥, @, ©); and the vector space of the

number of the paths between the vertex a and the other vertices;( Pa, +, , ., );.The last linear
transformations is defined from v into D..

INTRODUCTION

Linear transformations appeared prommently in the analytic geometry of the seventeenth and eighteenth centuries. linear
transformations also show up in projective geometry, founded in the seventeenth century and described analytically in the early
nineteenth (Kleiner, I. 2007)

The 1dea of representing a linear substitution (i.e., a linear transformation) by the square array of its definng coefficients 1s already
found in Gauss's treatment of the arithmetical theory of quadratic forms in 1801(Hawkins, T. 1974). Laguerre in France and
Frobenius in Switzerland, further developed the consequences of the symbolical algebra of linear substitutions m a fashion similar

to that taken by Cayley but without a knowledge of Cayley's memoir, Laguerre's work, which was published i 1867 in the journal
of the EcolePolytechnique, ssuffered the same fate as Cayley's 1838 memoir(Hawkins, T. 1974),

Preliminaries

Definition 2.1(Faber, V. 2011) Undirected graph & 15 a nonempty set V called vertices together with a set E of 2-e¢lement subsets
of V called edges.

Definition 2.2(Chartrand, G., & Zhang, P. 2019)Two vertices u and v m undirected graphG are called adjacent in G if {i, v} 1s an
edge of G.

Definition 2.3 (Chartrand, G., & Zhang. P. 2019) The degree of a vertex v in undirected graph G 1s the number of vertices in G
that are adjacent to v, and denoted by

deg(v) or d(v).
Main Results(Applications)

3.1 Construction a linear operator onby
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r
Figure (3.1) undirected &

Consider the following graph

deg(a) =1,
deg(b) = 2,
deg(c) = 3,
deg(d) = 3,
deg(e) = 1,
deg(f) = 2,and
deg(ht) =0,

We considered the elements of Dy, as the degrees of vertices in the undirected graph G
Then D, = {0,1,2,3}. Define the operations +, and ., on Dy, by:

For any x,y in D,

min{x, vy}, x +
X *Vyz{o [ y} X ._:‘;
And for any xin Dy and r in F
_{0 Ja=0
TwX =y ot

over the field F = {0,1} with operations +, and ., which are defined by

Then (Dy,, 44, ) 15 a vector space over 7'

a- Let x,y € Dy, x+py = min{x, y} € Dy or x+,y = 0 € D, ,then x+,yin Dy. Thus + is closed.
b-Let x,y € Dy, x+yy = min{x, ¥} = ytpx,or x+yy = 0 = y+yx, S0 +y Is cummutitve.
c-Forany x,y,z € Dy, x4, (¥ +,2) = x4+, min{y, z} = (x-+,y)+,2 = min{x, y} +, 2

d-0 € Dy, such that 0+,x = min{0,x} = 0, for any x € D, ,s0 0 is the identity element.

e- For any x € Dy , x+yx = 0. This means that every element x in Dy -has an inverse which is x itgelf
f-Let x € Dy and v € F thenr., x = [0,x} € D,.Then ., isclosed.

g- Foranyr €F, x,y € Dy then

{0 ,r=0

Ty (x+yey) = x+py =1
_{0 Ja=0
TwXx = x ,r=1

_{0 Ja=0
Twy y .7=1
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0 ,r=0
=or.vt+vr.vy={x+vy F=1
=T.p (X+Vy)

h- Letr,k € F, x € D, then

(0 T4k =0(r=k)
rteklyx e {x g4k =10 2 k)

_[0 a=0
r.vx—x "_:1

0 k=0
kw2 = x k=1

0 Ja=k=0
Ty X+rkyx= lx»h;x Jao=k=1
x JEk

k
3

i
-0

[}

1

o
JEK

— 0 "=k_

= [x ok (rtrk)w x

i-For any v,k € ¥ and x € D, then

Flyx=x foranyx€ D, .

The finction 7': Dy — Dy is defined by T'(x) = ™! is a Imear transformation on Dy:
Letx,y€ED,and r € F

N
{(mm{x.y})“ XY
o X=y
= I min{x,y} . x# y
o ,X=9
T(x)+,T(y) = x4y

B {min(x"‘,y“}.x" #y!
5 0 'x—l =y—l

_ ((minfx,y})7 ,x #y

0 X =y
_[ min{x,y} ,x=y
o X=Y

So. T(x+yy) = T(xX)+.T().

IJIRSET©2023 |

An 1SO 9001:2008 Certified Journal | 592


http://www.ijirset.com/

International Journal of Innovative Research in Science, Engineering and Technology (IJIRSET)

-
] |le-ISSN: 2319-8753, p-ISSN: 2347-6710] www.ijirset.com | Impact Factor: 8.118] A Monthly Peer Reviewed & Referred Journal |

[| Volume 12, Issue 1, January 2023 ||
| DOI:10.15680/1JIRSET.2023.1201100 |

Ty x) = 73'((;‘)) r’:;
{0 o =0
-1 =1
= {o =0
i T(E) =ryx = [0 A j__’_ 0
= T(ry X).

Hence, T 15 a linear transformation onD,,.
3.2Construction a linear operator onV

From the previous process, we can obtain a vector space (V, 6, @) on the st of vatices V = {a,b,c,d,e, f,h), with
operations € and ¢ which are defmed by: Forany x,y € V,andr € F,

x ,deg (x) < deg (¥)
x@By =4{y .deg(y) < deg(x)
h ,deg(x) = deg (y)
h r=90
x ,r=

G =

The dentity element 15 /1, the mverse of each clement is given by the following table

x-l

~leolalal[cn]|=

Fleln|o o

-

The function 7:V — V is defined by T'(x) = x~* is a linear transformation on V:
Letx,y € Vandr € F,

T(x) ,deg (x) < deg (y)
i- T(x®y) ={T(y) ,deg (x) > deg (¥)
h  ,deg(x) = deg (¥)

y~' .deg (x) = deg (y)
h  ,deg (x) = deg (¥)

TX)OT(Y) =x"+yy~!

{X" deg (x) < deg (¥)

Jdeg (x7') > deg (')
vdeg (x™') = deg (y™*)
[Jr“ .deg (x) < deg (¥)

{ x7t Ldeg (x7*) < deg (¥ )
y 1
h

y~' ,deg (x) > deg (y)
h ,deg (x) = deg (¥)
So. T(x®y) = T(x)®BT(¥).

i (T() r=1
i T(r@x) = T(h) ,r=0
_ ™3 ar=1
_{h r=0
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r=1

-1
rere) =reet = {7 T

= T(r&x).
Hence, T 15 a linear transformation.
3.3Construction a linear operator on P,

Consider the same graph G:We considered the clements of £, as the number of the paths between a and the other vertices in the
undirected graph G. ThenF, = {0,1,2}

Define the operations 4+ and ., on B, by-For any x,y in F,

min{x, v}, x +
X+py = 0 { y} x:J;,

AndForany xin P,andrinF

0

. |

r.,,x={ x P |
over the field F = {0,1}.Then (P, +5,.» ) i8 @& vector space over F.

Define T: £, — P, from the vector space £, to itself by T(x) = x~'. We have been shown that T is a lincar transformation:
Forany x,y in B, and r in F

TG = [[CnlEID 2y
_ ((min{x, y})™* ,x # y
o X=Y
_{ min{x,y} ,x2y
K {0 % zly 1 1
: -1 - - -1
TG)+eTO) = x~tpy~t = [T TR T
z {(min(r.y})“ X EY
o X=y
o { min{x,y} ,x#y
1o X=Y
=T(x+py)

So.T(x+py) = T(x)+,T(¥)
T(x) ,r=1 _{x”,r= 1
TO) ,r=0 [0 .,r=0
x-1
r.,.T(x) == r.pI-l = {o

So,.raTx)=T(rpx)

i-T(rpx) =

JT=1
=0
Hence, T is a linear transformation on P,

3.4Construction a linear transformation fromVtoD
Consider the same graph: Forany x,y €V,andr € F

x ,deg (x) < deg ()
x@y =41y .deg(y) < deg (x)
h ,deg(x) = deg ()

Forany x,y in Dy andrin ¥

min{x, y},x #
X+Vy:{0 [ y},t:i
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0

Andry x = [x

The function T:V — Dy, which is defined by T'(x) = deg (x™") is a linear transformation:Let x,y € V,and r € F,
T(x) .deg (x) < deg (y)

i~ T(x®y) ={ T(y) .deg (x) > deg (y)
T(h) ,deg(x)= deg(y)

deg (y~') .deg (x) > deg (y)
0 deg (x) = deg (¥)

T(x)4+yT(y) = deg (x™")+ydeg (y™)

gy {min{deg (x7') deg (v7")}, deg () # deg (y™")
0 Jdeg (x™') = deg (y ")

{deg (x7) ,deg (x™') <deg(y™")

{deg (x~') ,deg (x) < deg ()

deg (y~') .deg (x~') > deg (y*)
0 ,deg (x7*) =deg (y™*)
{X" ,deg (x) < deg (¥)

y™! .deg (x) > deg (¥)
0 ,deg (x)=deg (y)

So. T(x®y) = T(x)+,T(y).

v _(T(x) ;r=1
“‘T(r&) = {T(h) r= 0 " :
_fdeg(x™" ,r=1
a [o =0
ryT(x) = rydeg(x™)

_ [deg (x™h) R ot |
0 =0
= T(rOx).
Hence, T 15 a linear transformation

Conclusion

Vector spaces of a finite nimbar of elements using concepts i graph theory have been defined. Such vector spaces as far as we
know were defined for the first time These vector spaces have been used to construct linear transformation. Conversely. We can
constmict un undirected graph from these linear transformations.
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