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ABSTRACT: The errors that occur at any time during the process or phenomenon may be random. These random
errors can be defined mathematically by the law of facility errors. The integrals involving this error function occur in
various fields of science. Here, an attempt is made to study some of the probabilistic properties of the law of facility of
errors, such as mean, variance, moment generating function, etc. The parameter involved in the function is estimated
using the method of maximum likelihood. It is seen that the values of the true parameter along with the confidence
interval are properly estimated using the method of maximum likelihood.

KEYWORDS: Law of facility of error, maximum likelihood estimator, Confidence Interval, Information, mean sum of
squares.
LINTRODUCTION

Today’s research in science, engineering, artificial intelligence, robotics, and other related areas belongs to the
world of information. The basis for this information is a large amount of data and its measurement. The data and its
measurement form a strong foundation for developments in the above fields. Measurement of any data is an essential
part of every field. The measurement of the data must have happened with accuracy. Sometimes there may be chances
that the measurement of the data may have deviated from the actual values. The deviation from actual values may be
termed an error. The reliability of the measurement of data may be compromised due to plausible errors by the machine
or human beings, nature or the environment, etc.

The errors made by human beings are referred to as human errors or gross errors. The errors incurred by the
machines or the incorrect processing environment are termed systematic errors. The gross errors and systematic errors
can be compiled and resolved during the measurement process. The errors that may occur at any time during the
process or experiments at irregular magnitudes are known as accidental errors or random errors.

The occurrence of random errors may follow some law or mathematical function. For several numbers of
errors, the most probable value of the error is the average of the errors. This average of the errors is the closest
approximation to the expected value calculated using the method of least squares. The standard deviations of these
errors provide the dispersion around the average.

This presented article considers that random errors follow the law of errors of observations [2] and the law of
facility of errors [3], [4], and [6]. Integrals of these error functions can occur in the theory of measurements,
mathematical physics, atomic physics, astrophysics, diffusion theory, mathematical models in biology, chemical
analysis, statistical analysis, etc.

According to Crofton (1860), the probability of an error being found to lie between x and x + §x is given by

—__1 _ -m)?
Cx) = g oxP ( 20-0) ) dx (1)

where,

m = sum of mean errors

h = sum of mean squares of errors

i = sum of squares of mean errors

If the occurrence of errors has two equally likely forms, i.e. positive and negative, in the observations, then the
sum of mean errors is zero, i.e. m = 0. Then ®(x) becomes
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1 x?
Dd(x) = S EXP (— c_Z) 2
where,
c=2Mh-1i
A similar function had been introduced by Glaisher (1872) as the law of facility of errors.
_ 6 _p2..2
f(x) = exp(=6%x2) 3)

Glaisher (1872) inferred from eq. (3) that the arithmetic mean is the most probable result. In this paper, the eq. (3) is
introduced as a probability distribution for the errors that occurred during software testing. It satisfy the axioms of
probability for 8 > 0 such that

9 022 —
ﬁexp( 0°x*)>0V—0<X<w0>0

and
[7 L exp(-62x) = L. v —w <X <06 >0 (4)
—o0 /i Vi' o i
Hence, if the random variable X is said to follow the law of facility of errors if its probability density function
is given by
FO) = {%exp(—@zxz) ; —0<X<w0,0>0 )
0 ; otherwise
The distribution function of is
Flx) = {f_uw\/%exp(—ﬁzxz) dx; —0 <X <0,0>0 ©)
0 ; otherwise

The solution to equation (6) is obtained in the following equations (7) and (8) using [1], [7]-[12], and [16]-[17].
1.1
Flx) = {5+5<1>(9u), —0<X<0,0>0
0; otherwise

@)

where,

®(ax) is an entire function of the complex variable x is called a probability integral. At zero, we have
®(0) = 0 and as x increases, ®(0x) rapidly approaches the limiting value ® () = 1 since it satisfies equation (4).
Equation (6) can also be represented in the Confluent Hyper-geometric function as

1.1 1.3._pg2,2). _
F(X)={2+21F1(2’2’ Hu), ©SX=00>0 (8)
; otherwise
Properties of the distribution:
Property Formula Value of Property
9 0
Mean (u) —j x exp(—6?%x?) 0
V),
Variance p ifw (x — u)?exp(—0%x?) 1
’ Vi )., 26?
Mode value of x related to f'(x) =0 0
Median 0
! 9 ” 2r+1 2,2
0Odd ordered Raw moments fy,.,, T x exp(—0°x*) 0
TJ_
, a L or (r + %)
Even ordered Raw moments ., \/—_ x°" exp(—0°x*%) — 2
) oD
9 [ g £ £
—_ 2 2 3
Moment Generating Function My(t) =—| e*exp(—62%x?) g 640" ores if
V) 6>0
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2
Cumulant Generating Function Ky (t) = log My (t) 4% if6 >0
=08, =3,
Measures of Skewness and Kurtosis '[il 0,y ,ﬁz 0 "
=0y, =

Maximum Likelihood Estimation: Suppose x4, x5, ..., x,, is a sample drawn from the above population defined by (5)
then the likelihood function of the data is obtained as

L(0/X) = T £ (x0) = T, |z exp(—0%xD) |
The likelihood becomes

L(0/%) = ()" exp(- i, 6727) ©)
The log-likelihood is

InL(6/X) =nin (i) — 3, 0%x}

The parameter 6 can be estimated by solv1ng, ln L(G /X ) = 0, and the estimator of 8 can be obtained as
~ n
b= | (10)

Where, T =Y",x? n— o, § > 6 ie. the MLE @ approaches the true parameter 8, which is also known as the
consistency property of the MLE.

Asymptotic Normal Approximation:
Consider a sample xq, x5, ..., x, (= X) that is chosen at random from the population (5) with parameter 6. The term

% In L(H /X ) is a score function and ————is an approximate standard error for 8.
2
2 na(9)
The function — —; ln L(H /X ) is observed information and 1(0) = —F [ 392 In L(G /X )] is expected Fisher information.

The Fisher 1nf0rmat10n shows how much knowledge is available about the parameter 6 in the random sample X. In
statistical methodologies, both the Bayesian and frequentist approaches use Fisher information to seek the initial

probability and to build the confidence interval for MLE. The confidence interval with confidence coefficient 1 — a for
1

the parameter 0 using Fisher information is obtained as 0 + Za«
2 i@

In present case, using I(6) = 4T and equation (10), the (1 — a)% confidence interval is

96[\[7+Za orHE[L(miZg)] (11

The lower bound for the variance of the MLE 8 can be obtained as Var(9) > — - (9)

Numerical Evaluation and Conclusions: For the numerical evaluation, the random numbers are generated using a
x~1le (a)
acr(c/b) ’

0,a,b,c > 0. To generate the random numbers from a generalized gamma distribution, the particular values are

generalized gamma distribution with the particular values of parameters a, b, and ¢ ie. g(x) = ;X >

considered as a = L b = 2, and ¢ = 1. The numerical evaluation is summarized in the following table.
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Value of 8 | Maximum Likelihood Estimator
0.005 0.004995378
0.05 0.04995899
0.5 0.4991179
5 4.992317
10 9.980383
50 50.00931

From the above numerical evaluation, it is seen that the true value of the parameter 8 is estimated with high precision.
REFERENCES

[1] Abramowitz, M. and Stegun, I. A. (1965). Handbook of Mathematical Functions with Formulas, Graphs, and
Mathematical Tables. Dover Publications, New York.

[2] Crofton M. W. (1860). On the proof of the law of errors of observations, pp 175-187

[3] De Forest, E. L. (1881a). Law of Facility of Errors in Two Dimensions, The Analyst , Jan., 1881, Vol. §, No. 1
(Jan., 1881), pp. 3-9 https://www.jstor.org/stable/2636159

[4] De Forest, E. L. (1881b). Law of Facility of Errors in Two Dimensions, The Analyst , Mar., 1881, Vol. 8, No. 2
(Mar., 1881), pp. 41-48 https://www.jstor.org/stable/2636105

[5] Gelman, A. (2006), "Prior distributions for variance parameters in hierarchical models", Bayesian Analysis, 1 (3):
515-534, doi:10.1214/06-bal17a

[6] Glaisher, J. W. L. (1872). On the law of facility of errors of observations, and on the method of least squares,
Memoirs of the Royal Astronomical Society, Vol. 39, pp 75-124

[7]1 Gradshteyn, I. S. and Ryzhik, I. M. (1994). Table of Integrals, Series, and Products, Alan Jeffrey (editor) 5th Ed.,
Academic Press, New York.

[8] Ismail, M. E. H. and Koelink, E. (2005), Theory and applications of special functions, Springer, New York.

[9] Lebedev, N. N. (1965), Special functions and their applications, Prentice-Hall Inc, New Jersey.

[10] Mathai, A. M. and Haubold, H. J. (2008), Special functions for applied scientists, Springer, New York.

[11]Patel, B. P. and Prajapati, J. C. (2013). Error Functions and their Applications, PRAJNA-Journal of Pure and
Applied Sciences, Vol.(21) pp 30-34

[12]Rainville, E. D. (1960). Special Functions, Macmillan, New York.

[13]Rover, C.; Bender, R.; Dias, S.; Schmid, C.H.; Schmidli, H.; Sturtz, S.; Weber, S.; Friede, T. (2021), "On weakly
informative  prior distributions for the heterogeneity parameter in Bayesian random-effects
meta-analysis", Research Synthesis Methods, 12 (4): 448—474.

[14] Tadikamalla, P. R. (1979), Random sampling from generalized gamma distribution, Computing, 23, 199-203.

[15] Tadikamalla, Pandu R. (1978), Computer generation of gamma random variables, Communications of the ACM,
21(5), 419-422.

[16] Titchmarsh, E. C. (1958), Theory of functions, Oxford University Press, Bombay.

[17] Yang, X-J. (2021), Theory and applications of special functions for scientists and engineers, Springer, New York.

IJIRSET©2023 |  AnISO 9001:2008 Certified Journal | 10302


http://www.ijirset.com/
https://www.jstor.org/stable/2636159
https://www.jstor.org/stable/2636105
https://en.wikipedia.org/wiki/Doi_(identifier)
https://doi.org/10.1214%2F06-ba117a

INTERNATIONAL ih
INNO SPACE STANDARD )' /V,r\
SJIF Scientific Journal lmpact Factor ef ml[R
3
cross" '

Impact Factor: 8.423 INDIA

INTERNATIONAL JOURNAL
OF INNOVATIVE RESEARCH

IN SCIENCE | ENGINEERING | TECHNOLOGY

SCR

(5 9940572 462 @ 6381 907 438 & ijirset@gmail.com f’¢

Wvw.ijirset.com



