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ABSTRACT :- In this paper we study some properties of Cantor set K such as x € K iff x has ternary expansion
containing 0 and 2 only, Cantor set is uncountable, closed, bounded, compact, perfect, nowhere dense in R and
Lebesgue measure is zero.
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I. INTRODUCTION

In the construction of Cantor set at first stage we divide [0, 1] into three equal parts and remove middle third

Z ).

open interval I; ;= (§ , 2). The remaining two closed intervals are denoted by J; ;= [0, i] and J; .= [ 3,

At second stage we divide the remaining two closed intervals i.e. J; ; and J; , again into three equal parts and

remove middle open intervals I ,= (% , 2) and I, ,= (g , g). The remaining four closed intervals are denoted by J, ;= [0,

%],]2,2= [g, %],]2,3= [g, g] and J, 4= [g, 1]. Continuing in this way, after (n — 1) stages we have deleted 1 + 2 + === +

2"% =21 - ] disjoint open intervals I, (1 <k <n-1,1<j < 2*7') and we have left 2"~* closed intervals each

1
of length —— .

The n*" stage consists of leaving out the middle interval of each of these open intervals I ,, , Apn-1,.

Thus obtaining 2" closed intervals of length 3% .

We define Cantor set K by

2k—1

K=1[0, 11\ UpZ1 Uj=y ik
(The symbol °\ ’ denote the complementation)
This also means that K = Ny-, E,,, where E,, = Uizlln,k ,n=>1.
i.e. E, is the union of all remaining closed intervals in the construction of Cantor set.
II. REVIEW OF LITERATURE

Originator of Cantor set was Georg Ferdinand Ludwig Philipp Cantor (1845 - 1918). He was born on March 3,
1845, in St. Petersburg. The Cantor set and Cantor like sets have been constructed to give examples of uncountable sets
with measure zero. These sets are found to have astonishing properties.
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e.g. Though they are uncountable they have empty interior, are closed, bounded, compact, perfect and nowhere dense
sets.[3]

These sets are used to clear the concepts in Real Analysis and are found very useful in constructing counter
examples. These sets are also used in variety of branches of mathematics such as Real Analysis, Number Theory,
Measure Theory, General Topology, Functional Analysis, Dimension Theory, Theory of Fractals etc.

III. METHODOLOGY

The construction of Cantor set is described. The measure theoretic, topological properties will be proved.
Several possibilities of the proofs will be discussed. The word fractal is roughly translated as “broken” and is used to
describe shapes that have a very ragged, broken appearance to them, that do not lend themselves to the usual notions of
Euclidean Geometry.

IV. MAIN RESULT
Preposition 1:- x € K iff x has ternary expansion containing 0 and 2 only.
Proof :-Let =0, 1]
The numbers in the interval I can be written in decimal expansion as follows.

First we divide the interval I into ten equal parts; the number in the first part have 0 as their first decimal,
similarly the number in the second part have 1 as their first decimal and so on.

Let us consider the number 0.391. It has three as the first decimal and so it is in the fourth of ten equal parts.
When this fourth part is divided again into ten equal parts, this number is in the last of them, because its second decimal
is 9 and so on.

. . 3 9 1
Moreover, 0.391 is nothing but — + — + —
10 10 10

decimal expansion. In this method every time we divide the interval into three equal parts instead of 10.

. Let us apply this method for ternary expansion instead of

When I = [0, 1] is first divided into three equal parts, the number in first part has O as their first ternary digit,
the number in second part has 1 as their first ternary digit and the number in third part has 2 as their first ternary digit.

Now, consider the number whose ternary expansion is 0.201 which is in third part. When this third part is
divided again into three equal parts, it is in first of them because its second ternary digit is O and so on.

. . 2 0 1
Moreover, 0.201 is nothing but 3 + = + =

In general, the number whose ternary expansion is 0.a,a,as ....... Ay .o 1S Ypeq ;—Z and each digit a,, € {0, 1,
2}.

It is observed that in ternary expansion some numbers have two different expansions.

e.g.==0.100.... = 0.022...

"3

It so happens that such numbers are precisely the end points of deleted intervals in the geometric construction
of K. But it is observed that for x € K, there will be only one ternary expansion containing 0 and 2.
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~ In terms of ternary expansion K may be described as the set of all those numbers in I that admits a ternary
expansion where no digit is 1. Equivalently those numbers in I for which in a suitable ternary expansion every digit is
either O or 2.

Consider the set of all possible finite sums

2 .
{371_,_372_'_ .......... +3Tk:n1<n2< .......... <nk aremN}.
Taking topological closure of this set we get Cantor set K.

Preposition 2 :- Cantor set K is uncountable.

Proof :- We can show that K is uncountable by many ways. Here we prove it by two ways. One by constructing a
function f : I - K which is one-one and second by constructing a function

g : K — I which is onto. By both ways we conclude that the cardinality of K > cardinality of I = cardinality of R.
a) Every x € [0, 1] has a unique binary expansion say x = (0.X; x, Xg === )2 where we
prefer to take nonterminating expansion. Then f : I — K be defined by
f(x) = (0. (2x1) ( 2x3) (2x3) *=eeee )3
Where expansion on right hand side is ternary expansion.
Now, we show that f is one-one.
Let x, y € I and f(x) = f(y).

Suppose x = (0. x5 xg wereeer ), is binary expansion of x and y = (0.y; y, yz = ), is binary expansion of
y then f(y) = 0. (2y1)(2y2)(2y3) == € K.

Since f(x) = f(y)
s 2x;=2y; foralli=1,2,3, .......
=Xx=Yy
~fx) =1f(y) = x=y
-~ fis one-one.
But I = [0, 1] is uncountable set.
~ We can say that cardinality of K is larger than cardinality of L.
~ K is uncountable
b) We can also prove above result by constructing g : K — I which is onto.
Every y € I =10, 1] has ternary expansion given by y = (0.y; y, y3 === )3 , where each

y;=0or1or2.
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Alsoy € Kifand only if y = 0.y; y, yg === is ternary expansion of y, where each
y; =0or2. (By Preposition 1)
~IfyeKandy=0.y; y, yg == , where each y; =0 or 2. (By Preposition 1) then

0.( yz—l) ( %) ( yz—3) --------- is a binary expansion of some real number belonging to [0, 1].

Thus we can define g : K = I by g(x) = (0. ( xz—l) (XZ—Z) (’;—3) --------- )2 a binary expansion of g(x), where x € K

and x = 0.x; x5 x5 = .
To prove that g is onto i.e. we have to show that g(K) =1.
Suppose y € land y = (0., y, y3 == ), is the binary expansion of y then take
x=(0.(2y1)(2y,)(2y3) === )3 which is ternary expansion of x. So that
g(x) = (0.y1 yp y3 e )2=Y.
Also ternary expansion of x namely 0. (2y,)(2y,)(2y3) === contains only 0 or 2.
~x €K
~ g(x) =y for some x € K
-~ g is onto.
~ I is the range of g.
-~ Cardinality of K is not less than that of I.
But I is uncountable.
-~ K is uncountable.
-~ By both ways we have shown that Cantor set K is uncountable.
Preposition 3:- Cantor set K is closed.

Proof:- We know that Cantor set K is constructed by removing disjoint open intervals /; ; i.e.

2k—1

K =10, 11\ UpZy U7 D -
Since each I  is open interval.
s~ Upey UJZ-ZI I; . is open set and hence its complement is closed.
~ Kis closed.

Preposition 4:- Cantor set K is bounded.

Proof:- Since the Cantor set being subset of [0, 1], it has a lower bound 0 and upper bound 1.
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~ We can say that Cantor set is bounded above and below.
~ K is bounded.
Preposition 5:- Cantor set K is compact.
Proof:- Since the Cantor set is a closed subset of reals and it is also bounded set. (By Preposition 4)
~ By Heine Borel Theorem
~ K is compact.
Definition 6 Perfect set
:- E is perfect set if E is closed and if every point of E is a limit point of E.
Preposition 7:- Cantor set K is perfect.
Proof:- To show that K is perfect set, since K is closed, it is sufficient to show that every x in K is limit of K.
Let x € K and S be any segment containing X.
Suppose S = (x — 6, x + 6).

We choose n such that 3in < 6.

Further, x € E,,, for every m > 1.
~ X € E,, for this n.
% X € Jp i for some k < 27,
Where [, j, is the interval of E;, which contains x.
Now, we show that ], , C S.
Ify € Jnk
~lx =yl <3in )
slx—yl <6
LYyEEX-6,x+6)=S
~yES
“YE€Jnk=YES
“Jnk ©S
Let x,, be an end point of [, , such that x,, # x.
It follows from the construction of K that x, € KN S — {x}.

IJIRSET©2023 |  AnISO 9001:2008 Certified Journal | 8824


http://www.ijirset.com/

International Journal of Innovative Research in Science, Engineering and Technology (IJIRSET)
L
A '\ 1 g |le-ISSN: 2319-8753, p-ISSN: 2347-6710] www.ijirset.com | Impact Factor: 8.423| A Monthly Peer Reviewed & Referred Journal |

IJIRSET || Volume 12, Issue 6, June 2023 ||

| DOI:10.15680/1JIRSET.2023.1206120 |
~KNS—{x}#0
Hence x is a limit point of K.
~ K is perfect.
Definition 8 Nowhere dense set
:- A set is said to be nowhere dense if its closure has empty interior.

Theorem 9 :- Cantor set K is nowhere dense in R .

) . . 1
Proof:- We first prove that, no E,, contains on interval of length > ot

n
Suppose (a, b) € E, = U3_; Jni
Where [, = k*" remaining closed intervals in the construction of Cantor set.

Since, J,,  are disjoint closed intervals, (a, b) C J,,  for some k < 2™.

2@ b)=b—a< L) =1

3‘)1
—=b-a<—
31’1
Thus if (a, b) € K then (a, b) c E,, for eachn >1.

This implies that b —a < 3% for eachn >1.
ie.b=a
ie. (a,b)=0
Thus K does not contain any open interval i.e. K is nowhere dense.
Theorem 10 :- Lebesgue measure of Cantor set is zero i.e. m(K) = 0.
Proof:- We know that
m =1 - (1)

In the construction of Cantor set at first stage we divide [0, 1] into three equal parts and removed middle third

_ 12
open interval I ;= (5, 2).

The length of deleted interval I ; is % ie. £l 1) = %
Z 8

9).

. . . . . 1 2
In second stage we again removed the two middle third open intervals i.e. I; ,= (3 , 3) and [, ,= (9 5

= The lengths of deleted intervals are £(1; ;) = % and £(I, ) = %.

~ The sum of length of deleted disjoint intervals = % + %.
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1 2 7 8

In the next stage, we have deleted four open intervals i.e. I; 3= (; , ;), I 3= (; s

).

19 20 25 26
13’3= (_ N _) and 14’3= (

2727 27’ 27

).
The length of these intervals are £(I; 3) = %, (I 3) = %, £(I33) = % and £(l43) = %

. 1 1 1 1
-~ The sum of length of these deleted intervals = »tntnts and so on.

~ The sum of lengths of deleted intervals in the geometric construction of K =

~ The sum of lengths of deleted intervals in the geometric construction of K = 1
~ Measure of Cantor set K i.e. m(K) = (Measure of I) — (Measure of union of removed intervals)
~mK)=1-1
~m(K)=0
-~ Lebesgue measure of Cantor set is zero.
V. CONCLUSION

Cantor like sets have been constructed to give examples of uncountable sets with measure zero. These sets are
found to have astonishing properties.
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