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I. INTRODUCTION

Matrices provide a very powerful tool for dealing with linear models. Bimatrices are still a powerful and an
advanced tool which can handle over one linear model at a time. Bimatrices are useful when time bound comparisons
are needed in the analysis of a model. Bimatrices are of several types. We denote the space of nxn complex matrices by

Coxn. For A € Cpyp, AT, A R A" and det (A) denote transpose, inverse, Moore-Penrose inverse and determinant of A
respectively [3]. The secondary transpose A® defined from A = (Ajj) by reflecting its entries through the secondary
diagonal. If A = (a;), then A’ = (b;j), where bij =a The usual transpose AT and AS are related as A5 = VAV,

n—j+l,n—i+1*
where V is the permutation matrix with units in its secondary diagonal [2]. If AA" = A"A=1 then A is an

orthogonal matrix and if AA® = A°A =1 then A is a secondary orthogonal matrix, where 7 is an identity matrix [1,
2]. In this paper, we study the secondary orthogonal bimatrices as a generalization of orthogonal and secondary
orthogonal matrices. Some of the properties of orthogonal and secondary orthogonal matrices are extended to
secondary orthogonal bimatrices. Some important results of orthogonal and secondary orthogonal matrices are
generalized to secondary orthogonal bimatrices.

II. PRELIMINARIES

Definition 2.1 [5]

A bimatrix AB is defined as the union of two rectangular array of numbers A; and A, arranged into rows and

columns. It is written as AB = Al \ A2 with A1 * A2 (except zero and unit bimatrices) where,

1 1 1 2 2 2

a, 4p 4, a4 4,

d a4 2 dk - &

21 2 2 21 2 2

A=| = "land A, =] . "
1 1 1 2 2 2

aml amZ o amn aml amZ o amn

"U' is just for the notational convenience (symbol) only.
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Definition 2.2 [5]
Let A, =A UA, and C, =C, UC, be any two m x n bimatrices. The sum D, of the bimatrices A, and C,
is defined as D, = A, +C, =(A UA,)+(C,UC,) =(A +C)U(A,+C,). Where A +C, and A, +C, are the usual

addition of matrices.

Definition 2.3 [6]
If A, =A UA, and Cy =C, UC, be two bimatrices, then A, and Cj are said to be equal (written as

A, =Cy)ifand only if A; and C; are identical and A, and C; are identical. (That is, A; = C; and A, = Cy).

Definition 2.4 [6]
Given a bimatrix A, = A, U A, and a scalar 1, the product of A and A, written as AA; is defined to be
1 1 1 2 2 2
Aa;,  Aa, -+ Aa,, Aa;,  Aa;, - Aaj,
1 1 1 2 2 2
A = Aay,,  Aa,, -+ Aa,, 9 Aas,  Aay, - Aa;,
ﬂa:m ;La:nz o ﬂ’a;lnn ;mrzm /’{’aVZnZ e ﬂ’ajm

=(14 L 1A,).

That is, each element of A; and A, are multiplied by A .

Remark 2.5 [6]
If AB = A| ) A2 be a bimatrix, then we call A; and A, as the component matrices of the bimatrix Ap.

Definition 2.6 [5]
It AB = Al UA2 and Cp =C, UC, are both n x n square bimatrices then, the bimatrix multiplication is

defined as, Ay, xCp, = (A|Cl ) U(A2C2 )

Definition 2.7 [5]
Let Ay™" = A U A,be a mxm square bimatrix. We define 1" =1"" O I™" =1"" U 1" to be the

identity bimatrix.
Definition 2.8 [5]
Let Ag'xm = A1 U A2 be a square bimatrix, Ap is a symmetric bimatrix if the component matrices A; and A,
are symmetric matrices. i.e, A = A/ and A, = A].
Definition 2.9 [5]

X, . . . . .
Let Ay”™" = A U A, be a mxm square bimatrix i.e, A; and A, are mxm square matrices. A skew-symmetric

bimatrix is a bimatrix Ag for which A, = —A;, where —Ag = —AIT U—AZT i.e, the component matrices A; and A,

are skew-symmetric.

Definition 2.10 [4]
A bimatrix A, =AUA, is said to be orthogonal bimatrix, if AZA;,=A A, =1,

(i.e, the component matrices of Ag are orthogonal).  That is, A; = A; .
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Definition 2.11
Let A;"X'" = A, U A, be a square bimatrix, A is a secondary symmetric bimatrix if the component matrices
A; and A, are secondary symmetric matrices. i.e, A, = A’ =V,A/V, and A, = A] =V,AlV, where V, and V, are

the component matrices of a permutation bimatrix Vp with units in its secondary diagonal.
Definition 2.12

Let Ay”" = A U A, be a mxm square bimatrix i.e, A; and A, are mxm square matrices. A secondary skew-

symmetric bimatrix is a bimatrix A for which A, = —Ag , where —A; = —AIS U —Aj i.e, the component matrices

A; and A, are secondary skew-symmetric.
III. SECONDARY ORTHOGONAL BIMATRICES

Definition 3.1
A bimatrix A, =AU A, is said to be secondary orthogonal bimatrix, if ABVBAng = VBAEVBAB =1,
(or) ABA; = AgAB =1, where Vp is a permutation bimatrix with units in its secondary diagonal. (That is, the

component matrices of Ap are secondary orthogonal.)

That is, A; = A;l (or) (AIS UA2S)=(A]_] UAZ_]).

Remark 3.2
Let AB = A1 k.)A2 be a secondary orthogonal bimatrix. If A; and A, are square and posses the same order

then Ay is called square secondary orthogonal bimatrix, and if A; and A, are of different orders then Ay is called mixed
square secondary orthogonal bimatrix.
Theorem 3.3

Let Ay =A UA, and B, = B, U B, be given bimatrices.

1) I1f AB is secondary symmetric bimatrix then Ag and AA, are secondary symmetric bimatrices for an
arbitrary A .

2) If AB and By are secondary symmetric bimatrices of the same order then AB + B, are secondary
symmetric bimatrices as well.

3) If AB is secondary symmetric bimatrix then its Moore-Penrose inverse A;; is secondary symmetric

bimatrix.
Proof

A, = A UA, is secondary symmetric bimatrix, if
,g=3@em¢mg VAV, UV,ATY, = Au@)
M (47) =(43) =(AFuAS) =(4UA,)
( A,) =(24 UAA,) = 2A° UAAS = 2A UAA, = A(A U A,) =2
@ (4,£B,)" =[(404,)=(B UB,)]
_(AUA) (B UB,)’

= (A4 va,)£(8 vB,)
A, +B,.
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Y ([ at ¥\ _ (48 s\ T
@ (4) =(alvaAl) =(Aua)) =(4u4,) =
Theorem 3.4
If Ay =A UA, is secondary symmetric bimatrix, then Aj; A, and A, + A, are secondary symmetric

bimatrices.

Proof
Let Ay = A U A, is secondary symmetric bimatrix, if A; =A,

AngB (le(A uAQ) ATVuVAQV AUAQ)
Hence, (A;AB)S :[(AS UAQS)(A UAZ)]
(MAU@&)
=(4'4)(4)4,)
(4Fua))(A4ua,)
= ASA,.
And (AB +A;)S :[(A1UA2)+(A1SUA2S>]S
=[(a +a7)o(a 540
(AIS +A )U(A2 +A2)
( )+(A1 qu)

A, + A

Theorem 3.5
1 If AB =A1 UA2 is secondary skew-symmetric bimatrix then A, —Ag is secondary skew-symmetric
bimatrix.
(2) If A, and B, are secondary skew symmetric bimatrices of the same order then AB + B, are secondary

skew symmetric bimatrices as well.

Proof
(1)  Let Ay = A UA, is secondary skew-symmetric bimatrix, if Ag =-A,.

(m(ALugszqu§=VAWMJVAﬁ/:ﬂ@u—@)
Hence, (A, —45)" =[(4,0A,)~ (VAT LV,AIY,)]
=[(4 —viam)o(a, -v.am,) |

Mivm‘)(Q va)
= (V1A1TV1 — A )U(VzAz v, _Az)
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=—(A1 —VIAITV])U_(AQ _V2A2TV2)
[ (4 va)-(mamv VA
=—[(a v )(ar0a)]
=—(4,-45).
) (A, £B,) =[(4 U A,)£(B,UB,) ]
=(AuA,) £(B,UB,)’
=(VATV, UV,A]V, ) (V,BV, UV,B]V, )

Theorem 3.6
Let Ay =A UA, and B, = B, U B, be given bimatrices.
(1) If A, is secondary skew symmetric bimatrix then Ag is secondary skew symmetric bimatrix as well.

(2) If A, is secondary skew symmetric bimatrix then ﬂ,AB is secondary skew symmetric bimatrix for an arbitrary
A.

(3) If A, is secondary skew symmetric bimatrix then its Moore-Penrose inverse A; is secondary skew

symmetric bimatrices.

Proof
A, = A UA, is secondary skew symmetric bimatrix, if A; = (VlAlTV1 Uvavaz) = —(A1 ) Az)

O (4) (4 =(4 oA} =(&) o) =(4r oAl =,
2) (14,) = (14 UAA,) = WAV, VAV, ALY, = A(VATV, UV,A]V, ) =—A(A UA,) = —AA,.
® (47) =(aoAl) =(47uAl) =—(404,) =-4].

Corollary 3.7
Every square bimatrix can be written as a sum of secondary symmetric and secondary skew symmetric
bimatrices.

Proof
By Theorem 3.4 and 3.5 we have, (AB +A;) is secondary symmetric bimatrix and (AB —Ag) is

secondary skew symmetric bimatrix.

Therefore A, =(A UA,) :%(AB +A; )+%(AB —A;)

= o) (a oa)] oo (a4 oa)-(a o)
:%[(Al +AIS)U(A2 +A;)]+%[(Al _AIS)U(AZ _AZS)J
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Definition 3.8
Let Ay = (A1 UAZ) eC, and B, = (B1 UBz) € C,, be given bimatrices. A, is said to be secondary

orthogonally bisimilar to B, , there exists a secondary orthogonal bimatrix QB = (Q1 Y Qz) S Cnxn such that
s

Ap = 0p B0y
(i.e,(Al o Az) = (le Ust )(Bl U32 )(Ql UQZ) = (QISBIQI )U(stBzQz ))

That is, the components A; and A, are secondary orthogonally similar to B; and B,.

Remark 3.9

Secondary orthogonal bimatrices also characterized by their inverses. Before discussing this, we need a brief
digression on the secondary transpose of a bimatrix Az. The main properties of secondary transpose which we have

seen are (A, )S =Ay. (A,B,)" =BjAS. det(A,B,)=det(A,)=det(B,), det(A,)=det(A} ). and det(l,)=1 (e,

determinant value of the identity components /; and I, are 1).

Theorem 3.10
(1) If Ay = A UA, is secondary orthogonal bimatrix then det A, =+1

() If A, =A UA, is secondary orthogonal bimatrix then —A,,A; and A;' are secondary orthogonal
bimatrices as well
(3) If A, =A UA, and B, = B, U B, are secondary orthogonal bimatrices then AzBj, is also secondary

orthogonal bimatrix.
Proof

Ay =AU A, s secondary orthogonal bimatrix, if Ay = 4;' (i.e,(4° U AY)=(47" L AY)).
(1) 1=det(1,)=det(A,4;)
=det[ (A, UA) ATV, UV,ALV,) | =det (A U A,) det (V;ATV, UV,ATV,)
=det (A, UA,) det (A4 UA,) =[det (A UA,)] .

@ (-4, )S =[-(AuA, )]S

3 (A,B,) = [(A‘ qu)(B1 UB, )]S =(B, UB, )S (A qu)S
:(BISqu)(AISuAZS)
=(B'UB,') (A LA
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= (B1 UB, )_1 (A1 UA, )_1

=[(4 va)(8 uB,)]

- (ABBB )_

Theorem 3.11
If A;=A UA,is real secondary skew symmetric bimatrix such that A; +1,=0,

2
(i.e, (A1 UA, ) + (I L Vi, ) =0 3) then A, is secondary orthogonal bimatrix and is of even order.

A, = A U A, isreal secondary skew symmetric bimatrix, if Ag =-A,

= (4 uAy)=-(404)

= (4 UA,)=—-(47UA)
:(Alqu)(Alqu)z—(AluAZ)(AfUAZS)
= (4 U4) =—(A U4, (A VA

= 0, —(I,ul)=—(4 UA,) (A UA)

:>(Ilul )=(A U4,) (45 uay)
Again |A1 uA2| =|AS LS| A UA,|, where n s the order of Ay,

since, Ay =(—1) A4,

= (VATV, UV,AV, ) = (-1)(4 L A,)

= VATV, UV, ATV, = (-1)"|4, LA,

=[1-(-1"]

Hence, either ‘A1 U Az‘ =Qor 1— (—1)” =0, thatis nis even.

But (A UAZ)Z:O —(I,ulz)z—(llulz)
= |4, qu\ = " £0.

Hence the only poss1b1hty left that AB is of even order.

Theorem 3.12
() If A, =A, UA,is secondary symmetric bimatrix such that A; =1I,then Ayis secondary orthogonal

bimatrix
1 1
(2) If Ay =A, VA, is a square bimatrix and A, —51 gand A, +EI  are secondary orthogonal bimatrices

then Ajp is secondary skew symmetric bimatrix.
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Proof
2
(1) A, =A UA, issecondary symmetric bimatrix and (A1 UA, ) =1, UlI,.

Hence, [, UL, =(A UA,) =(A UA)(A UA,)=(A UA) (A UAS).
Similarly we can prove (A U A,)(AS VA )=1, U1,

Therefore (A, U A, )(A° UAY)=(A7 UAT)(A UA,) =1 UL,

Hence, A,AS = AV, ATV, =1,.

1 1y 1 1 §
(2) Since (AB+EIBJ(AB+EIBJ =1, and (AB—EIBJ(AB —EIBJ =1,

=4 oa)ed o[ va)edn on)]

:BAU@%%@uQﬂUAu@%%@uQﬁ
= [(4 vA)+(AT A )| =—(4 ua,)- (AT A
:>(AlsuA2S)=—(A1 qu).
= A, =V,AV, =—A,.

Theorem 3.13
Let J, =J, UJ,be the diagonal bimatrix with entries £1 and A, = A \UA, is secondary orthogonal

bimatrix then
(@) JzA;= (J AV 2AQ) is secondary orthogonal bimatrix.

b)) Ay = (AIJ TVAJ 2) is secondary orthogonal bimatrix.
(c) AgzJzA; is secondary orthogonal bimatrix.

(d) JyzA,J, is secondary orthogonal bimatrix.
Proof
A, =A UA, is secondary orthogonal bimatrix, if Ag = A;l (i.e,(AIS UA; ) = (Af1 UA;)).

Hence

@ (154) =[(/,01,)(40A)T
=(AvA4,) (/,07,)

(A oA ) (77 vy

(4 04) (4, 00,)

[(02)(4 va)]
=(J,4,) .
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® (4,7,) =[(40A)(1,01,) T
= (,0) (404,
(/7o) (A wAl)
(4 02) (4 va,)
(A va)(s, qu)]1
=(A,7,) "
©) (ABJBAB)S:I:(AIUA2)(J1UJ2)(A1UA2):|S
=(404,) [(40a)(un)]
=(404,) [(40A) (1 0)]
“[(Aua)(J,ul)(4ua)]
=(4,7,4,) "
@ (A ) =[(1,0L)(AVA) (1, 0,)]
(4, u) [(Hun)(Aua)]
=(hun) (o) (A ua)]
=[(uL)(AVA) (UL

-1
=(J,A,J,) .
Theorem 3.14
If A, =A UA, is secondary orthogonal bimatrix such that
(A4°0A) ) =(VATV,UV,ATV, )= (A UA,)  and (AT UAT)=(I, U1, )then Ay + Ay, =1 and

Ay Ay, =0,, where 4, Z%[(Il U12)+(Al UAZ)] and A, Z%[(Il Ulz)—(Al UAZ)J are projection

bimatrices.

Proof
A, = A UA, is secondary orthogonal bimatrix, (AIS ) AZS) = (VIAITV1 UVzAZTVZ) =(A UA,) and

(ATuAY)=(1,u1,)
= A, +A4,, =%[(11 UL)+(4, qu)] + %[(11 ulL,)-(4 qu)]

= Ay +A,=1,. And

= Ay Ay, = ﬂ(}l UL)+(4 va)|[(1 v,)-(4 va,)]
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—[mony-(ava)]
:i[(zl ul,)-(1, ulz)]

Ay Ag, = Oy

Theorem 3.15
Let [, = (I LUl ) be a given identity bimatrix and let O = (Q1 v, ) € C,, be a secondary orthogonal
bimatrix, and set R,=(RUR,)=0,1,V,0;V,=0,1,0; and
— Ty, — s

S, =(S,US,)=0, A, V,0,V, =0, A, O, Then

(a) AB = A1 ) A2 eC uxn 18 secondary orthogonal bimatrix if and only if Sg R, S, =R,.

(b) AB = A1 U A2 eC uxn 18 secondary symmetric bimatrix if and only if S; R, =R,S,;.

(0 A;=AUA eC uxn 18 secondary skew symmetric bimatrix if and only if S; R, =-R;S;.

Proof
@@ S,R,S,=R,

& (87 USY)(RUR,)(S,US,)=(R UR,) <:>[(Q1 v, )(4ua) (0 qu)]s

(2 ve)(nun)(e ve)] (0 ve)(ava)(@ ve)]
=l(eve)run)eve)]  el(eve)wur)eve)]

(@ ve)(nun)(e ve)] (0 ve)(aua)(@ ve)]
-[(euo)(huL)(eve)]  e[aAQuead 0L VoL
(0,407 V0,4,0; | =[0,1,0° V0,10 ]

=[(0 4070 1,000,407 )v(0,410/0,1,0]0,4,0] )|
(21} <Q21Qz>}

(
S04 407 ) v(eaLA0 )| =[(010)u(0.L0)]
sl(e4°407 ) v(eaa0)]=[(010)u(e.0)]
(e v (A vaa)(ervel)=(o ve (1 Vi )(e'ver)
(A4 VAA))=(1, u,)
(4T oa)(ava)=(1 VL)
S AA, =1,
® SSR,=R,S, & (ST UST)(R UR,)=(R UR,)(S, US,)

=[(e ve)(4 va)er ve ) [(e ve ) L )(er ver)]
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=[(ava)(nvr)erve)|[(e ve)(a va) (e ve))
sl(ava)@ua)eve)]l(e ve) i vr) (e ve)]
(2 ve)(nvn)(@ ve)][(e ve)(4 va (e ver)]
slleae)v(ean)]|(ene)v(erne))
(01,07 00,1,05) |u[(2 A 07)u(2.A05)]
(2.4°070,1,07)0(0,4050,1,0] )|
(21,0'0.40)|[(21,0/0,4,0])]
(@410 )v(eAre)]=[(eh40) ][ (.40))]
(2470 )v(ea0))]=[(aa0))v(eAe)]
(0 ve)(ava)(eve)=(a ve)(4 va (e ver)
@(AlsuAf):(Alqu) S A=A,

0

<[(ava)(a %)(quQz )J [(Q, u@)(n un)(Q' ve)]
QUQ(LUQXFU%HUQU@XAU& (a've)]
) (L vL)(Q've))
=-[(ava)(nvn)erve)][(e ve)(4 va)e ve)]
=l(eao)v(eae)][(ena)(erne)]
{[(a10 vere)|ul(e4c)u(e.A0)]]
(0.A4°0°0,1,07)u(0,4:050,1,0; )|
¥Rglggagﬂuﬂg1®@@®ﬂ}
[(a4107)(eane)]=-][(en4a0)]u](e.ha0)]]
(@40 )u(@A0s)]=-](2 40 )u(eA0])]
E(

0

I)

0

0

qu A1 UAZ)(Ql UQZS)] [(Ql qu)( Aﬁ)(Q‘SUQg)}
) ( Az) S A =—A,.

=
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Theorem 3.16
(a) If A, =A, UA, is non-singular bimatrix, then A, = G0, where Q, = (Ql v, ) e C, is complex
secondary orthogonal bimatrix, G, = (Gl vG, ) e C ., is complex secondary symmetric bimatrix and G
is a bipolynomial in ABA;.
(b) Suppose Ay =G,Qy, where G, = G, and 0,05 =1,. Then G, = A,A;. If G, commute with Q,,
then A, commutes with A; . Conversely, if A, commutes A; and Gy is a bipolynomial in ABA;, then

GB commutes with QB .
Proof
(a) If A, =G,0; for some secondary symmetric bimatrix G, (i.e,(VlGlTVl UVZG2TV2 ) = (G1 uG, )) and

secondary orthogonal bimatirx (J, then
AV, ALV, = G,0,V,0,G,V,

=(G1 uGz) (Q1 qu) (Vl UV, ) (er uQZT) (GIT uGzT) (Vl UV, )
(GO VQ/GIV,LG,0,V,0/GIV,)
(G VGV, LG,Y,GV,)
(
(

G, UG, ) (G uGy)

2
_ 2

G v Gz) =Gy
So G, must be a square root of ABA;. Since A, U A, is non-singular bimatrix and has non-singular square

s T s .
roots. Among the square roots of AgzA;. Then G, must be secondary symmetric bimatrix. Since AgzA, is

secondary symmetric bimatrix and any bipolynomial in a secondary symmetric bimartrix is secondary symmetric

bimatrix. Now define Q, = G,'A, and compute
0,0 =(0 ve.) (e ves) =[(6'uG")(4 ua)|[(G'uG!)(A va,)]
=(G7'UG)(A ua,) (47 UAY) (G UG
=(67'uG;')(G UG, ) (6'UG;")
=1, Ul, =1,.
(b) If G, commutes with Q, then G, commutes with Q', which is a bipolynomial in Q. Since
0,' =V,0,V, =0y, we have
AjA, = (AT UAT)(A LA,)
=(&’ve)(G VG ) (2 ve)
(G v6.) (@ var)(e ve)
(G, UG, )
(4 LA, (A UA)).
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Conversely, if A,A; = A5 A,, then
G:=(G, UG,)
(4w )(47vay)
(A4°0AY) (4 Ua,)
-[(G vG)(e ve)] (G ve)(e e )]
=(0'v@)(6, G ) (2 ve)
=(Q'ual)(A va)(4 vaT)(Q v )

= QgABA;QB’
So QBABA; :ABA;QB.

That is O commute with ABAg .If G is a bipolynomial in ABAg , Qp must also commutes with G .
Theorem 3.17
Let A;=AUA eC

nxn *

There exists a complex secondary  orthogonal  bimatrix

0, = (Ql v, ) €C,, and complex secondary symmetric bimatrix G, = (G1 uUG, ) eC,, such that

k k
Ay =G40, if and only if rank(ABA;) =rank(A;AB) Jdork=1,2,...,n

Definition 3.18
A matrix Ay =A UA, €C, is called secondary skew orthogonal bimatrix, if ABA; = AgAB =—1I,.
Equivalently Ag =— ;1 or A;l = —Ag.
. s s -1 -1 -1 -1 s s
(ie. (47 0 A))=—(4" LA Jor(A7 LA ) =—(47 L AT)).
Theorem 3.19

I A,= (A1 UA, ) is secondary skew orthogonal bimatrix of odd order then det (AB) ==i
Q1A= (A1 VA, ) is secondary skew orthogonal bimatrix of even order then det (AB) =+1.

B)If A= (Al UA, ) is secondary skew orthogonal bimatrix then A; , — A, are secondary skew orthogonal

bimatrix.
Theorem 3.20

() If Ay = (A1 UAz)’BB = (B1 U B, ) e C,, are secondary skew orthogonal bimatrix then A,B, and

B, A, are secondary skew orthogonal bimatrix.
() If Ay = (A1 UAZ) is secondary orthogonal (secondary skew orthogonal) bimatrix then iA, is secondary

skew orthogonal (secondary orthogonal) bimatrix.

IV. CONCLUSION
Here, we have studied secondary orthogonal bimatrices as a generalization of orthogonal and secondary orthogonal

matrices. Some of the properties and important results of orthogonal and secondary orthogonal matrices are extended to
secondary orthogonal bimatrices.
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