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Abstract:  The homogeneous and isotropic cosmological models in Brans-Dicke theory have been discussed. Besides the 

cosmological term ( )ξΛ  to the Brans-Dicke  Lagrangian using Robertson-Walker line element and energy tensor of a perfect 

fluid were also examined for the mass expansion of the universe. After correcting an error in their work, we also tried to extend 
our results by calculating cosmological term using Berman and Som [1] solution and showed the results obtained from the 
application of theory also satisfy uniform cosmological model. 
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I. INTRODUCTION 

It is well-known that Einstein originally introduced the cosmological constant in order to obtain a static model of the universe. 
Because the large scale recession of the galaxies i.e, the expansion of the universe had not been discovered at the time. This was 
discovered later by Hubble in twenties and thirties. After introducing cosmological constant by Einstein, its real significance was 
studied by various cosmologies [2] but no satisfactory results of its meaning have yet been reported. Zel’dovich [3] has tried to 
visualize the meaning from the theory of elementary particles because the constant corresponds to the vacuum energy. However, 
to obtain the static model of the universe, Einstein might have been able to predict the expansion of the universe or the universe 
is in a dynamic state ( sec Islam[4]), second edition,2002). 

Actually Linde [5] has argued the cosmological term arises from spontaneous synnetry breaking and suggested that the term is 
not a constant but a function of temperature. In cosmology the term may be understood by incorporation with Mach’s [ 6] 
principle, which suggest the acceptance of Bran’s-Dicke Lagrangian as a realistic case [7,8] and stimulates us to study the term 
with a modified Brans-Dicke Lagrangian from cosmology and elementary particle physics. Besides, Azad and Islam [9] also 
studied cosmological constant in the Bianchi type-1 modified Bran’s-Dicke cosmology. After that, Pradhan et.al [10] studied 
FRW universe with variable G and Λ  terms. A new class of exact solutions of Einstein’s field equations with a perfect fluid 
source, variable gravitational couple G and cosmological term Λ  for FRW space time is obtained by considering variable 

deceleration parameter models for the universe. The nature of the variables ( ) ( )ttG Λ,  and the energy density ( )tρ  have been 

examined for the three cases: (i) exponential, (ii) polynomial, and (iii) sinusoidal form. The special types of models for dust, 
Zel’dovich and radiating universe are also discussed in the light of recent supernovae Ia observations. 

Besides Endo and Fukui [11] touched upon the Dirac large number hypothesis to obtain uniform cosmological model and which 
also affect in elementary particle physics. To the best knowledge of the authors no attention has been paid to calculate 
cosmological term from Brans- Dicke cosmological model of uniform cosmology. This is seen that this cosmological term 
calculation also satisfies the results of uniform cosmological term. 
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II.   MATHEMATICAL FORMULATION 
 

The cosmological term has been assumed as an explicit function of a scalar fieldξ , proposed by Bergmann and Wagoner [12], 

and start with the usual variational principle of general relativity using a Brans-Dicke Lagrangian modified by ( ) :ξΛ  

( )( ) ( ) xdgLR i
im
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, ]162[0 −−+Λ−= ∫ ξξ
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Where R and mL  are the scalar curvature and the lagrangian density of matter, which is assumed not to depend explicitly on 

derivatives of ijg and ξ  plays a role analogous to 1−G . The field equation for the metric field is, then we have, 
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It is also the energy-momentum tensor of matter. Contraction of equation (2) results in  
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While the field equation for ξ  is obtained by varying ξ  and i,ξ  in equation (1)  
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By eliminating R  from equations (3) and (4), 
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Although Brans-Dicke cosmology does not pay any attention toΛ , the relation between the matter field and the scalar field can 
be obtained analytically through an equation analogous to equation (5), besides a certain degree of arbitrariness inevitably 
accompanies the introduction of a scalar field. Here we assume the simplest case of the coupling of the two fields as follows: 

                              □ξ  = Tµ
ω

π
)32(

8

+
                     (6)      

Here the constant µ  shows how much our theory including ( )ξΛ  deviates from that of Brans and Dicke . Then a particular 

solution of equation (5) is given as  
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Since we assume Λ is a function of onlyξ , we have  

                                  □ ( )ξξ f=                                     (8) 
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By multiplying equation (2.2) by ξ  and taking the contravariant derivative, we find  
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Equation (4) then ensures that the conversion law 0; =ii
jT  holds. 

 

III.  CALCULATION OF COSMOLOGICAL CONSTANT OF UNIFORM COSMOLOGICAL MODEL 

 
For the homogeneous and isotropic universe, applying those equations, the metric is that given by Robertson and Walker, and the 
energy- momentum tensor, that of a particle fluid, 
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Here ( )ta  is the spatial scale factor,k  the dimensionless curvature index, ε  and p the total energy density and pressure of the 

universe, respectively, and iu  a velocity four vector that has components of (1, 0, 0, 0) in the commoving co-ordinates. The (0,0) 
component of equation (2) is  
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Where ξ  depends only on universal time t and a dot indicates differentiation with respect to t. From equation (6), we obtain  
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From equation (7), we obtain the variable Λ  as follows: 
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The equation of state in the radiation field ε=p3  leads to the vanishing cosmological term. Equation (11) yields the 

expression for ( )ξf  as 

        ( ) ( ) ( )ε
ω
πµξ −
+

= pf 3
32
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The conservation law 0; =j
ijT  requires the well-known relation 

                          ( )εε +−= p
a

a&
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As an example, we consider the case of the matter field where Λ is not zero. In this field we can neglect pressure, which has less 
significance for the model of the universe [13]. Then equation (13) gives  

   
3

00
3 aa εε =                 (14) 

Here, subscript 0 indicates the present value of a quantity. From equation (10), we obtain the following relation for the big-bang 
universe: 

   kta =3ξ&                 (15) 
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From the equation (11), we have  
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This implies that the cosmological term participates in the mass of the universe, and that may have a significance in determining 

the mass of an elementary particle when applied to the hadron era as studied in [14]. From equator (12), ( )ξf  is proportional  

to 3−a : 
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Substituting equations (15) - (17) in to equation (9), we obtain  
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Since in particle physics, the terms of nξ  are introduced to explain the origin of the mass of an elementary particle by symmetry 

breaking [15] , we assume the functional form of ( )ξf  as follows: 
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Substituting equation (19) in to equation (18), we solve in the case of 0=k , i.e., the flat universe. When we notice two 

conditions, an expanding universe and an increasing function ( ) 1, =ntξ  which gives the constant cosmological term is not 

suitable. Then, with 1≠n and the assumption of 0=ξ at 0=t , the solution is 
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Equation (17) with equation (20) results in the following relation: 

   ( ) ( )1
2

0
3

0
3 −= n

nn Ataa ξ                     (21) 

By using two conditions, the domain of n arrows is to 0<n . Since equations (20) and (21) satisfy equation (15), 
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From equation (16) 
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Following Brans and Dicke [7] and Weinberg [16], the gravitational “constant” G is given by the weak field approximation as 
follows: 

   1

32

12
3

2

1 −









+
+−= ξµ

ω
ω

G                     (24) 

Equation (24), (20), and (21) present the relation of G with the Hubble constant  
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When we put 1−=n  in equation (21) and (25), the following relation is obtained: 

  ~,
3

1
,3

1

G

H

t
Hta =∝  Const., and  H

G

G
3−=

&

                      (26) 

and this is the case of Dirac [17]2  although the cosmological term is not zero but is  
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While if we put 1=µ , all the equations we obtained reduce to those we obtained reduce to those of  Brans and Dicke and 

equations (22),(23), and (25) give ( ) 0,13 =Λ+−= ωn  and ( ).1+−= ω
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From Berman and Som follows that 
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And the solution of the above equation for m is given by 

        024245428 2345 =−−+−− mmmmm   
 And then listed the following five different solutions in terms of m and the coupling  
 constant ω : 

 ,3.18~1 −ω   ,34.0~2 −ω   ,12.1~3ω   ,69.1~4ω   ,5.26~5 −ω  

 ,5.2~1 −m      ,45.0~2m   ,06.1~3m    ,57.2~4m   ,34.7~5m  

If we put ω = -18.3 and  t  = 1, 2, 3, 4, …….then we have 
 Cosmological constant, Λ =  -14.47, -3.62, -1.61, -0.90, -0.57, -0.40, ……….. 

This means that, for increasing time cosmological constant is also increasing for Brans-Dicke Cosmology, which also satisfy the 
uniform cosmological model theory.  

When the value of ω is increasing for the time expansion, i.e. when ω = -0.34 and t = 1, 2, 3, 4,…… then we have, 
 Cosmological constant, Λ = -0.83,  -0.209, -0.09, -0.05, -0.03,……. 

This also means that, for increasing time, cosmological constant is more increasing, which also satisfy the mass expansion of the 

universe.  

In similar way, when we use the values of ω  for the expansion of time i.e ω = 1.12, 1.69  and t = 1, 2, 3, 4,………..then we also 
have, 

  Cosmological constant, Λ = 1.48, 0.37, 0.16, 0.09, 0.05, …................ 
         And Cosmological constant, Λ = 1.96, 0.49, 0.22, 0.12, 0.07,……………. 

This also means that, for increasing time and also for the values of ω , that is solved from Bermann and Som Solution, 
cosmological constant is more and more increasing, which also satisfy expanding of the universe, i.e uniform cosmological 
theory of Barns-Dicke cosmology.  
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IV.  DISCUSSION AND CONCLUDING REMARKS 

 
The uniform cosmological model using modified Bran’s-Dicke Lagrangian through which cosmological term has been studied 
from the point of view of cosmology and elementary particle physics and login is partially clarified. The error in the paper of 
Endo and Fukui has been corrected and we have solved uniform cosmological model for cosmological constant using Brans-
dicke Cosmology and calculated their results applying the numerical values of  ω&t  which are also satisfy the theory of 

uniform cosmological model in Brans-Dicke cosmology and elementary particle physics might give a clue to solve the problems 
in large number hypothesis and Mach’s principles. 

ACKNOWLEDGMENT 
 
We are very grateful to Professor Dr. A. K. Azad for constants encouragement and critical reading of the manuscript. We also 
express our sincere thanks to Ahsanullah University of Science and Technology, Dhaka, Bangladesh for giving the computing 
facility. 

REFERENCES 
 

[1] M. S. Bermann and M.M. Som, “General Relativity and Gravitation” , 22, 625, 1990. 

[2] V. Petrosian. Int. Astron. Union Symp., 63, 31, 1975. 
[3] Ya. B. Zel’dovich,. Sov. Phys. Usp., 11, 381, 1968. 

[4] J.N.Islam,  “An introduction to mathematical cosmology” (Cambridge University press, Cambridge, 1992) , second edition 2001, pp. 73,74. 
[5] A. D Linde,. JETP Lett., 19, 183, 1974. 
[6] E. Mach, “The Science of Mechanics “(Chicago; Open Coart), 1983. 

[7] C. Brans, and R.H .Dicke, Phys.Rev., 124, 925, 1961. 
[8] Y.  Fujii, Phys, Rev., 9D, 874, 1974. 

[9] A. K. Azad and J. N. Islam, “Pramana Journal of physics” , Indian   Academy Sciences, Vol 60, No. 1, pp. 21-27. January 2003. 

[10] A Pradhan , A, K, Singh and S. Otasod “ FRW universe with variable G and Λ  Term”, Rom Journal of Phys. , Vol. 52, No. 3- 4, pp 445-448. 2007. 
[11] M. Endo and T. Fukki, “General Relativity and Gravitation” , 6, 10, pp, 833-829. 1977. 

[12] P. G.  Bergman, “Int. J. Theor. Phys.”, 1, 25, 1968; R. V .Wagoner,. Phys. Rev., ID, 3209.1970. 

[13] T. Fukui , Sci. Rep. Tohoku Univ. Ser. I, 58, 200, 1975.. 
[14] J.  Dreitlein, “ Phys. Rev. Lett.”, 33,1243, 1974. 

[15] S.  Deser, Ann. Phys. N. Y. 59, 248. 1970. 

[16] S. Weinberg, “Gravitation and Cosmology”, (Wiley, New York), p. 244. 1972. 

[17] P. A. M. Dirac, Nature, 139, 323. 1973. 

Biography 
 

                                    Mohammad Azizul Hoque has been serving as a Lecturer in Mathematics with the Department of Arts and Sciences,    
       Ahsanullah University of Science and Technology (AUST), Dhaka, Bangladesh. He joined at AUST in Aril 2012.  

    Before joining AUST he was a lecturer of World University of Bangladesh (WUB), Dhaka, Bangladesh for more than  
    01 (0ne) years. 

 

 
 Muhammad Sajjad Hossain has been serving as an Assistant Professor of Mathematics with the Department of Arts 
and Sciences, Ahsanullah University of Science and Technology (AUST), Dhaka, Bangladesh. He joined at AUST in 
September 2010. Before joining AUST he was a teacher of University of Asia Pacific, Dhaka, Bangladesh for more 
than 02 (two) years. Part-time faculty of Premier University, Chittagong, Bangladesh, AM of Azim Group, Chittagong 
and also S.O. of Agrani Bank, Artilari Branch, Bangladesh. He also earned three Gold Medals and UGC merit 
scholarship. He has six(06) international and Two (02) national publications. He has already completed his MBA from 
UAP, Bangladesh. He has also completed his M. Phil in BUET, Bangladesh. Now he is continuing his Ph.D. 
 

M.Shahabuddin has been serving as a Professor of Mathematics with the Department of Arts and Sciences, Ahsanullah University of Science and 
Technology (AUST), Dhaka, Bangladesh. Before joining here, he was a Professor of  Mathematics with the Department of Mathematics, Chittagong 
University, Chittagong, Bangladesh. 

 
 


