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Abstract: It is known that a function in  2L R  can be represented by its wavelet expansion with convergence in  2L R –norm. 

But the case is different in  L R  norm. In this paper we shall discuss the convergence of non–orthogonal wavelet expansions 

in the  pL R  norm, 1 p  . Moreover I have extended the results of Ahmed I Zayed [1] using the approximate identity. Our 

method and approach are different from those of Ahmed I. Zayed [1]. 
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I. INTRODUCTION 

S.Kelly, M.Kon and L. Raphael [1, 2] extended walter’s results by proving pointwise convergence of orthogonal wavelet 

expansions in n dimensions. The key of their proofs is the following definition. 

 

A. Definition  

 

A bounded function  : 0,W R   is a radial decreasing L
1 

-majorant of a given function g defined on R if    wg x x and 

w satisfying the following conditions: 

(i)   1 0, ,w L   

(ii) w is decreasing, 

(iii)  0w   

The boundedness of w follows from (i) and (ii) 

The summation kennel of the wavelet series  *

, ,, m k m k

k

f x    is given by  

   , ,m k m k

k z

yx 


 ,    2

, 2 2
m m

m k x x k    

   2 22
m mm

k z

y kx k 


   

 2 ,2 ,2
m m mK x y  

     .,
k z

K x y y kx k  


   

Now we have 

B. Lemma   
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The summation kernel of the wavelet series is absolutely bounded by a radial decreasing  L
1
– majorant dilation kernel i.e. 

    ,
2

x y
W W CW x y Ry kx k

  
   

 
  

C is some constant depends on W. 

Proof: – It is known that x y y kx k   , either  

1 1
  or  

2 2
y k x yx k     

So we have 

        
2 k z k z

k z

y k W W y kx kW W y kx k
 



      
 

   

2

x y
CW

  
  

 
 

Hence the proof is completed. 

 Example( 1) shows that there are some mother wavelets that do not satisfy above conditions. 

1) Example :  (The Discrete Shannon’s Wavelet) The Shannon function   whose Fourier transform satisfies 

   ˆ ˆ
tx    

where    2 , ,2t         is called the Shannon wavelet. Thus this wavelet  t  can directly be obtained from the 

inverse Fourier transform of  ̂   so that 

   
1

ˆ
2

i t

R
e dt

  


   

2

2

1

2

i t i te d e d
 

 

 
 






       

 
1

sin 2 sint t
t

 


   

The associated scaling function is given by  
sin t

t
t





 . The summation kernel is seen to be 

 

 

   

   

sin sin sin

k

t y y kt k

t y y kt k

  

  





 


 
  

It is clear that this kernel not belongs to L
1
(R). Hence this can not be absolutely bounded by radial decreasing L

1
– Majorant 

function. 

The point wise convergence of the Shannon wavelet series can be studied directly but it is very special case and of less interest. 

In this paper we shall study the pointwise convergence of wavelet expension in L
P
(R), 1 P   , associated with a class of 

mother wavelet that contains Shannon’s wavelet as a special case. Although Ahmed I. Zayed [1] studied this problem but our 

methods and approach are different from those of [1]. 

Now, we have 

 

 

C. Definition  
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 A multiresolution analysis of L
2
(R) is a sequence of closed subspaces  n n

v



 such that 

(i) … … 
2 1 0 1 2 1....... ......,n nv v v v v v v          

(ii) nU 

  Vn is dense in L
2
(R), that is, nU 

  Vn = L
2
(R) and  0n nv

   

(iii)   nf vx   if and only if   12 nf vx   for all n z , 

(iv) 
0V  is closed under integer translation, i.e.,   0f vx   implies that   0f vx k    non negative integers k, 

(v) there exists a function   nvx   such that   0 ,n n zx n    is an orthonormal basis for 0v , that is 

 
22 2

0, 0
,   for all nfdx f vf f x 






     

The function   is called the scaling function or father wavelet. If  nv  is a multiresolution analysis of L
2
(R) and v0 is 

the closed subspaces generated by the integer translates of a single function  , then we say that   generates the multiresolution 

analysis. 

We shall assume that the scaling function   do not generate an orthonormal basis of v0 or of 0w  (the orthogonal 

complement of v0). This leads to the fact that condition (V) can be replaced by the weaker condition that   x k   is a Riesz 

basis of v0. Also we assume that the Fourier transform of   has compact support. Since   x k   is a Riesz basis of v0 it 

means that   *

k x  is a biorthonormal basis of   x k   for 
0f v  such that 

   *

0,, k k

k

f fx x        

similarly for ,mf v  we have 

   *

, ,,m m k m k

k

f fx x        

Let us consider the class S(R) of rapidly decreasing c  function on R such that 

     : ,sup , 0
m

n

m
x R

d
S f R R n m Nx f xR

dx

  
      

  
  

Then for  f S R  

   
1ˆ

2

i x

R
f e f dxx






   

It can be easily seen that if  f S R  then    f̂ S R   is dense in   ,1pL PR    . Also Fourier transform is 

isometric in  S R . The inverse Fourier transform is given by 

   
1 ˆ

2

i x

R
f f e dx

 


  . 

Let E denote the support of ̂ , is of the form. 

 1

n

i i iE U a b O  . 

where O is a set of measure zero. Then for 
0f v  
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1 ˆ

2

i x

E
f f e dx

 


   

 
1

2

it i x

E R
f e dt e dt

  


     

   1

2

i x t

R E
f e d dtt

 


 
  

 
   

   ,
R

f K dtt xt      

where       
1

,
2

i x t

E
k e d kt x x t

 


    

The integral in (1.3) is absolutely convergent by the Cauchy–Schwartz inequality because both f and K are in L
2
(R) 

 

D. Definition  

 If  1L R   with  ˆ 10   and we define    n n n xx   where n  . Then the sequences of functions  
1n n





 is an 

approximate identity if: 

(i)   1n
R

dxx   for all n. 

(ii)  supn n
R

dxx  , 

(iii)  lim 0n
n x

dxx




  for every 0   

1) Remark : If    0 .Sx R   then    n nx nx   is an approximate identity. 

By the hypothesis the reproducing kernel series    *

n

n

t x n    converges absolutely and uniformly for all x and t to a 

function  0 ,q t x . Thus, we have 

       *

0, ,n

n

k qt x t xt x n    almost everywhere. Similarly we can write 

     *

, ,,m m n m n

n

q t x t x   

   *2 2 2
m m m

n

n

t x n    

 02 2 ,2
m m mq t x  

 0 , 2,
mq t x     

Now we have 

 

E. Lemma  

 If    1

0 ,q Lt x R  with  0 1,
R
q dtt x  . Then  ,mq t x  is an approximate identity if. 

1.   1,m
R
q dtt x   for all m, 

2.  sup ,m m
R

q dtt x   
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3.  lim 0,m
m x t

q dtt x
 

  for every 0  . 

 

1) Proof : We observe that 

         0 0 1,m
R R R
q dt q dt q dt x x t x t x t           

2. We have 

 0

11 1

2 22

i b i a
b

i x

a

e e
e dxq

i

 



  

 


  


 , 

 
 

 
0

1 12

i

i

i b i am m b

q i i i
a

i i

e e
x x

i

 





   
 

 

 


 


    

If  1f L R  then  
1

lim
m

i i
m

i

x 




  is in  1L R . Given 0 , find  
1

m

i i

i

x 


  such that 

   
1

2
m

i i
R

i

dxf x x  


  

So we have 

   
1

ˆ
2

i x

R
e f dxxf







   

     
1 1

1

2

m m
i x

i i i i
R

i i

dx e dxf x x x


    




 

 
  

 
   

2 2 2 2

i 

 
 


 

Hence  q    is bounded for all  and   . This proves 2. 

3. We have 

   0,m
x t x t

q dt q dtt x x t
 

 
  

    

   0 0q dt q dtx t x t



  

 


     

substituting  x y x t    

   0 0lim 0
m

mm
q dy q dyx y x y





 


     

2) Remark : Let    
00 ,q St x R  . Then    0,mq qt x x t    is an approximate identity. 

 

F. Lemma  

 If  f L R  and    ,mq St x R  then    *,mq f St x R  

Proof: We have 

      *,m m
R

q f q f dyx t y yt x     

   m
R
q f dyy t x y    
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or       , *

n n

m mn nR

d d
q f q f dyy t x yt x

dx dx
    

or       , *

n n
n n

m mn nR

d d
q f f q dyx y y tt xx x

dx dx
   , 

substituting x y z  , it gives that 

    ,
n

n

mnR

d
f q dyy x y tx

dx
    

since 
3

,
2

x t
x y t yx t


      so from above we obtain 

   
2

,
n

n

x t mny

d
f q dyy x y tx

dx



    

   
2

0
n

n

x t mny

d
f q dyy x y tx

dx



    

Hence the proof is completed. 

 

II. MAIN RESULTS 

 

A. Theorem  

 If   
1

,m m
q t x




 is an approximate identity then  lim 0,* m pm

f q ft x


   for every   , 1Pf L PR     

Proof: Let us consider 

     
1

, *

P
P

m
R

dxq f ft x x x 
    

=      
1 P

P

m
RR
q f dy fx t y ydx x

  
    

     
1 P

P

m
RR
q f dy fy t x ydx x

   
    

Since      m
R

f f q dyy tx x  , so we get 

      
1 P

P

m
RR
q f f dyy t x ydx x

  
    

     
1 P

p P

m
R y t

dx q f f dyy t x y x


  
     

     
1 P

p P

m
R y t

dx q f f dyy t x y x


  
     

     
1 P

P

m Ry t
dx f fx ydy q y t x



       

     
1 P

P

m Ry t
dx f fx ydy q y t x
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   2
m Py t

dy q fy t


   

     
1

sup 0
P

P

m Ry t y

f f dxx ydy q y t x
  

       

as m   

Hence the proof is completed. 

 

B. Theorem  

If  ,mq t x  is an approximate identity and   ,Pf L R  then the wavelet series.- 

   *

, ,,m m k m k

k

f fx x     

Converges to  f x  as m   at every point of continuity of  f x  

1) Proof : – The projection of  2 ,f L R  on the space mv  is given by  

     ,m m
R

f f q dtt xx t       

   m
R

f q dtt x t   

     ,* mf q fx x   ( mq  is an approximate identity) 

Also we have 

     m m
R

f f q dtx t x t   

     *

, ,m n m n
R

n

f dtt t x   

 *

, ,, m n m n

n

f x     

Thus if   ,Pf L R     
mq Sx R  then  *

mq f S R  and  S R  is dense in   ,1PL pR     then 

   
 

0Pm L R
f fx x   as m   

This proves the theorem. 

 

C.Theorem  

 If      1
,

P

mf L q Lt xR R  , then 

    1, ,* m mqp P
f q q Pft x t x     

Proof: If    ,f L du dxfR x   is a finite Borel measure, so we have 

 

1
i

N
N

N i N
i

c   


   weakly 

Now Consider for 1 p  , 

     
1

, *

P
P

mm p R
q f dyx t y yq ft x   

    

   
1 P

P

m n
R

q d dyx t y y  
   , 
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   n
R R
d f f dx x  

    

 
1

N
n N

m i i

i P

q x t C


    

 
1

,
N

N

i m P
i

C q t x


  

   ,m nP R
q d yt x    

 ,m P
q ft x , 

1) Remark: For P   , we get 

   
1

, ,*m mq f qft x t x


  

In view of theorem E, we get the following corollary. 

 

D. Corollary  

 If  f L R  and    ,
P

mq Lt x R  then 

   
1

, 1,m mP P
f q Pf t xx      

1) Remark : If  f L R ,    
0q Sx R  then 

      0 0* R
f q f q dtx t x t   

       * *

n n
R

n n

f dt ft t x n x n          

 f x
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